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Abstract. In this paper, an approach to synthesize correct programs
from specifications is presented. The idea is to extract code from def-
initions appearing in statements which have been mechanically proved
with the help of a proof assistant. This approach has been found when
proving the correctness of certain Computer Algebra programs (for Al-
gebraic Topology) by using the Isabelle proof assistant. To ease the un-
derstanding of our techniques, they are illustrated by means of examples
in elementary arithmetic.

1 Introduction

Kenzo is a Common Lisp program created by Sergeraert [10], for Computer
Algebra computations in the field of Algebraic Topology. Its main characteristics
are its handling of infinite spaces (by using functional programming), and that
Kenzo has found results unreachable by any other means (see [17]).

Taking into account these features, a project to analyze formally fragments
of Kenzo was undertaken, with the aim of increasing the reliability of the system.
Two kinds of formal methods have been applied. First, algebraic specification
techniques have been used to model the data structures in algorithmic Alge-
braic Topology (see [13]). Second, we are using proof assistants to mechanize the
reasoning needed in this area of Computer Algebra (see [1], [2], [3]).

Several approaches have been introduced to deal with objects (as chain com-
plexes, morphisms, and so on) of Algebraic Topology in the Isabelle proof assis-
tant [15]. One of the fundamental theorems in algorithmic Homological Algebra,
namely the so-called Basic Perturbation Lemma [6], was chosen as a test case
for these experiments. The final formalization considers morphisms as records
encoding the real map, the potential source and target chain complexes, an also
the real domain of definition and the image (see details in [3]).

Despite of the success of this approach, the price to be paid was that we got a
formalization (and proof mechanization) of the theorems, but not of the programs
appearing in Kenzo. To bridge the gap between (mechanized) theorems and
programs, we considered to use Berghofer’s tool [4] for extracting ML programs
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from Isabelle theories. We suspected that the proving efforts previously done
could be perhaps unsuitable, due to additional constraints on the constructive
nature of the proofs (up to now, we have chosen a classical way of proving
in Isabelle, trying to emulate the proofs-by-hand from Homological Algebra).
Surprisingly enough, we observed that most of our already formalized theorems
had constructive statements (in a sense which will be explained in this paper),
even if proofs are not necessarily expressed in a constructive manner. This simple
observation allows to apply Berghofer’s tool to some of our Isabelle theories,
extracting ML programs equivalent to some (small) fragments of Kenzo. Even
if preliminary (the programs extracted so forth are extremely simple, compared
with Kenzo as a whole), these results invite to explore further this research line.
This paper is devoted to illustrate, through simple examples, this approach.

The paper is organized as follows. Sections 2 and 3 briefly introduce, respec-
tively, some mathematical definitions and the case study chosen from Kenzo: the
composition of two morphisms. In Section 4, we move to a well-known domain,
namely elementary arithmetic, to work out a simple example related to Euclid’s
proof on the existence of infinitely many primes. The aim of this section is to
introduce some key ideas, without the complexities of Homological Algebra and
Algebraic Topology. Basics on formalization, automated theorem proving and
program extraction are commented on in Section 5, where our notion of con-
structive statement is (informally) introduced, too. Then, this notion is applied
in Section 6 to the elementary arithmetic example, showing how Berghofer’s
tool can be used to obtain an ML program (certified correct) computing a prime
number bigger than its input. In Section 7, we go back to Computer Algebra,
applying the same techniques to obtain an ML program (certified correct with
Isabelle) to compose two morphisms. The paper ends with a section devoted to
conclusions and open problems.

2 Mathematical Preliminaries

The mathematical machinery necessary to deal with the objects in the Kenzo
system is quite complicated. In order to make easier the reading of this short
paper, we focus only on the composition of morphisms, used as an illustrating
example. The essential definitions are the following.

Definition 1. A graded group C∗ is a family of abelian groups indexed by the
integer numbers, C∗ = {Cn}n∈Z, with each Cn an abelian group. A graded
group morphism f : A∗ → B∗ of degree k (∈ Z) between two graded groups
A∗ and B∗ is a family of group morphisms, f = {fn}n∈Z, with fn : An → Bn+k

a group morphism ∀n ∈ Z. A chain complex is a pair (C∗, dC∗), where C∗
is a graded group, and dC∗ (the differential map) is a graded group morphism
dC∗ : C∗ → C∗ of degree -1 such that dC∗dC∗ = 0. A chain complex morphism
f : (A∗, dA∗) → (B∗, dB∗) between two chain complexes (A∗, dA∗) and (B∗, dB∗)
is a graded group morphism f : A∗ → B∗ (degree 0) such that fdA∗ = dB∗f .

The mathematical result whose proof will be considered in the following
sections is elementary: the composition of two morphisms is again a morphism.
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Even if elementary, it is a fundamental fact which is used intensively in more
interesting applications. In particular, it is instrumental in the proof (and even
in the statement and in the algorithm) of the Basic Perturbation Lemma (BPL,
from now on), central theorem [6] which has been studied in previous works,
from several points of view (see [17], [3]).

3 The Kenzo Program

In [16] a fragment of the implementation in Kenzo of the BPL is presented. This
is a quite complex Common Lisp program. As explained above, we focus here
on the simpler case of the composition of morphisms. Even in this case, some
explanations are needed in order to understand the code.

In Kenzo every chain complex is free. That implies a graded group in Kenzo
is defined simply by a set of generators and an equality test among them, in each
degree. The generators are used to form combinations (that are linear combina-
tions of generators, with coefficients over the integer numbers), which are the
real elements of the group in each degree. To add two combinations, the equality
test between generators is used. With this organization, to define a morphism
between chain complexes, it is enough to give the image of each generator, that
will be a combination in the target group. In order to extend this map to com-
binations on the source group, the equality test in the target group is used. This
is the most frequent strategy to define a morphism in Kenzo. But there are sit-
uations where this way of working is really wasteful from the performance point
of view: think of the identity or the null morphisms, where obviously no equal-
ity checking is needed. So, Sergeraert considered a second strategy, called by
combination (:cmbn as keyword in Common Lisp), to cover this case (the first,
more frequent, strategy is called by generator, and denoted in Common Lisp by
:gnrt). This explains the optional argument (called strt for strategy) in the
following Kenzo program.

(DEFMETHOD CMPS ((mrph1 morphism) (mrph2 morphism) &optional strt)
;;; ... lines skipped

(build-mrph :sorc sorc2 :trgt trgt1 :degr (+ degr1 degr2)
:intr #’(lambda (cmbn)

(declare (type cmbn cmbn))
(the cmbn

(cmbn-? mrph1 (cmbn-? mrph2 cmbn))))
:strt :cmbn :orgn ‘(2mrph-cmps ,mrph1 ,mrph2 ,strt))

;;; ... lines skipped

The program is a method, since Kenzo is built on CLOS (the Common Lisp
Object System). This allowed Sergeraert, by using the inheritance mechanism of
object-oriented programming, to give the same name to similar operations which
compose two morphisms of coalgebras and another related algebraic structures.
The lines skipped correspond to the cases in which one of the two morphisms has
(or both have) a strategy by generator. The fragment showed here corresponds
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to the case in which at least one of the morphisms has strategy by combination,
and this is also the strategy in the result morphism: :strt :cmbn. The symbols
sorc2, trgt1, degr1 and degr2, correspond, respectively, to the source of the
second morphism mrph2, to the target of the first one, and to the degrees of
the morphisms, which have been previously extracted from the morphisms in
the lines skipped. The fragments (declare (type cmbn cmbn)) and the cmbn,
show that we are in a typed context. The keyword :orgn is used to store some
information on the origin of the new morphism (that is to say, on the method
and arguments constructing the new object), for software engineering purposes.
Finally, the Kenzo function cmbn-? allows the programmer to invoke a mor-
phism on a combination, and it is used here (twice) to accomplish the actual
composition.

Apart from technicalities, the essence of the previous method, in the par-
ticular case of chain complexes morphisms of degree zero, is equivalent to the
following Common Lisp function.

(defun CMPS (g f)
(build-mrph :sorc (sorc f) :trgt (trgt g)

:intr #’(lambda (cmbn)
(cmbn-? g (cmbn-? f cmbn)))))

The formalization work will be illustrated with this simplified version. But,
instead of start with this algebraic case, we deal in the next section with an
elementary example in number theory.

4 An Elementary Example

In this section, the same question of proving the correctness of a program is
studied, but in the domain of elementary arithmetic, with the aim that our
ideas can be understood without the complexities of Homological Algebra.

The example is related to prime numbers. The following Common Lisp pro-
gram computes the next prime to a given positive integer number x > 1.

(defun nextprime (x) ; x integer > 1
(if (isprime (+ x 1))

(+ x 1)
(nextprime (+ x 1))))

Here, we are assuming the existence of a Common Lisp program isprime
used to determine if its input is a prime number. In addition, we assume that
isprime is correct. This will be used in the following elementary result.

Theorem 1. The program nextprime is correct with respect to the following
specification:
Input specification: x integer, x > 1.
Output specification: (isprime (nextprime x)) returns true.
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Proof. In two parts:

1) Partial correctness. If the program stops, (nextprime x) = z, with z =
(+ y 1) and (isprime (+ y 1)) = true (by the semantics of if). Then, the
output specification follows.

2) Proof of termination. By contradiction.
Let us assume that there exists x integer, x > 1, such that (nextprime x) does
not stop. This implies that ∀y > x, y is not a prime number. Let P = {p1, . . . , pn}
be the set of primes smaller than x. By hypothesis, this is the set of all prime
numbers. Let us consider m = p1 ∗ . . . ∗ pn + 1. Then we have that pi does not
divide m, ∀i = 1, . . . , n. We conclude, by applying Lemma 1 (see below), that
m is prime. But m > pi, ∀i = 1, . . . , n, and thus m /∈ P and m is not a prime
number. Contradiction. ��

Lemma 1. Let m be an integer number, m > 1. Then, m is prime if and only
if for all prime number p < m, p does not divide m.

Everyone will perceive in this proof Euclid’s argument to show that there are
infinitely many primes. Nevertheless, there are several variations on Euclid’s
idea. This one has the property that the computational content is more hidden
than in other variants, which are based on the following Lemma 2, instead of
on Lemma 1. In those proofs, even if presented in a “reductio ad absurdum”
manner, the computational content is quite explicit1. More on that in Section 6.

Lemma 2. For all integers m > 1, there exists a prime number p ≤ m such
that p divides m.

We have tried to write down a very detailed proof of correctness, since our aim is
not only to give such a proof, but also a mechanized certificate of correctness. To
be precise, we are looking for Isabelle [15] scripts containing proofs of correctness
for our programs. To this aim, it is necessary to link in some way the running code
(or, at least, the source code) with some formalization of it. In general, this is a
task far from trivial (the lack of the sought link has been illustrated graphically in
the previous proof, where x and x have been used in an indistinguished manner).
Different approaches to formalize and mechanize such proofs are explored in the
next section.

5 Formalization and Mechanization

In order to build correctness certificates for programs, a first necessary task is to
formalize the objects of study in a computer-aided mathematical tool. There are
many such tools: for instance, ACL2 [11], Coq [7], Mizar [18] or Isabelle [15]. The
choice of one of them depends on several criteria, including the expressiveness

1 Thanks are due to W. Bosma, who explained in the Map e-list (see
http://www.disi.unige.it/map/) that the same is not true in the proof presented
above.
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of the underlying logic, the degree of automation or the libraries previously
developed for our domain of interest. In the elementary example of the section
above both Mizar and Isabelle could be convenient (in fact, the example and
proof have been extracted from [21], where they are used to compare Mizar and
Isabelle). However, once the objects of study have been formalized, more efforts
are needed in order to link the formalization with a real program.

One well-known strategy is to establish the formalization in a (mechanized)
constructive logic, and then extract a program from the proof. This is the point
of view when using the Coq system [7] for this task. Nevertheless, it is not the
only way to get certificates for programs.

In particular, the Common Lisp program nextprime in Section 4, with its
non-constructive proof, seems to be far from this kind of approach. This is true
from a strict-constructivist perspective, but it is not in Markov’s constructive
recursive mathematics2. In fact, the program nextprime is a paradigmatic ex-
ample of a (correct) program generated by Markov’s principle [14]. These issues
are also discussed in [12], where Markov’s principle is integrated with construc-
tive type theory, and by Berghofer in [5], in the context of his tool to extract
code from Isabelle scripts.

Taking into account this example it seems that Davenport’s observation in
[8] (or, even more explicitly, in page 140 of [9]), claiming that Computer Algebra
correctness proofs can be done by not neccesarily strict-constructive methods,
is quite accurate (up to our knowledge, if proofs in Computer Algebra can go
beyond Markov’s constructivism is an open problem).

In fact, in the field of algorithmic homological algebra it has been observed
that the theorems to be formalized have constructive statements. That is to say:
a new object is defined (the composite of two morphisms, in our running ex-
ample) and some property of this object is asserted (namely, it is a morphism).
Then, code can be extracted from the definition or specification appearing in
the statement. Thus, this approach seems to indicate that the underlying logic
in the proof is not mandatory to be constructive (since the program is extracted
from definitions and not from proofs), in the vein of Davenport’s observation.
This strategy will be presented in the case of the composition in Section 7. But,
first, we go back to the arithmetical example, to show how in this case state-
ments can be rendered constructive, allowing program extraction in presence of
classical proofs.

6 The Elementary Example Revisited

In this section the example in Section 4 is reconsidered. The idea is that the com-
putational content of a proof (presented in a constructive or in a non-constructive
manner) can be made explicit in order to build a new statement, which is con-
structive in the informal sense introduced above.

2 We are grateful to F. Sergeraert who attracted our attention to this important variant
of constructivism.
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We use Lemma 2 in Section 4 above to define a primitive recursive function
“some-prime-divisor” that for each integer number greater than 1 computes a
prime divisor of it.

primrec
some-prime-divisor-aux x 0 = 0
some-prime-divisor-aux x (Suc n) =

(if (prime-cons (Suc n) ∧ dvd-cons (Suc n) x) then (Suc n)
else some-prime-divisor-aux x n)

consts
some-prime-divisor :: nat => nat
defs
some-prime-divisor-def : some-prime-divisor x == some-prime-divisor-aux x x
consts
some-big-prime :: nat => nat
defs
some-big-prime-def : some-big-prime x == some-prime-divisor (x ! + 1 )

The same task of rebuilding must be done with the predicates “divides”
and “isprime”, which are converted to two (Boolean-valued) functions “dvd-
cons” and “prime-cons” (here cons stands for constructive). In addition, it is
necessary to prove in Isabelle that these functions have the right properties (by
relating them, for instance, to the predicates “dvd” and “prime” from the Isabelle
libraries on prime numbers). With these preparations, the following lemma can
be proved in Isabelle.

theorem x < (some-big-prime x)
proof (unfold some-big-prime-def )
let ?p = some-prime-divisor (x ! + 1 )
from some-prime-divisor-gt-zero
have prime-cons: prime-cons ?p and dvd-cons: dvd-cons ?p (x ! + 1 )
by (simp-all add : some-prime-divisor-properties)

from prime-cons have prime-p: ?p ∈ prime
by (simp add : prime-equiv-prime-cons)

from dvd-cons have dvd : ?p dvd (x ! + 1 )
by (simp add : dvd-cons-impl-dvd)

show x < ?p
proof −
have ¬ ?p ≤ x
proof
assume ?p ≤ x
with prime-g-zero and prime-p have ?p dvd x !
by (simp add : dvd-factorial)

with dvd have ?p dvd (x ! + 1 ) − x ! by (rule dvd-diff )
then have ?p dvd 1 by simp
with prime-p show False using prime-nd-one by auto

qed
then show ?thesis by simp

qed
qed
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This proof, a variant of Euclid’s argument, is an adaption of a proof script
presented in [21]. It obviously has a non-constructive presentation. It might be
considered unsuitable from a constructivist’s point of view, but it is well-known
and easily understood. The important observation now is that, no matter the
logic underlying the proof, the statement is constructive, and Berghofer’s tool
[4] can be applied on the complete theory (only the final fragment is displayed
here) to obtain the following ML program (the names for certain constants have
been modified, in order to make the code more readable):

fun some_prime_divisor_aux x 0 = 0
| some_prime_divisor_aux x (Suc n) =
(if (prime_cons (Suc n) andalso dvd_cons (Suc n) x) then Suc n
else some_prime_divisor_aux x n);

fun some_prime_divisor x = some_prime_divisor_aux x x;

fun fact 0 = 1 | fact (Suc n) = times (fact n) (Suc n);

fun some_big_prime x = some_prime_divisor (plus (fact x) 1);

This ML code is to be compared to the Common Lisp program nextprime
in Section 4. Both functions compute a prime number greater than its argument
x. But of course, nextprime is quite more efficient.

7 Application to Computer Algebra

When applying these ideas to the Kenzo program, the first observation to be
made is that the elaboration done in the previous section is unnecessary: many
of the theorems to be proved have already a constructive statement (or can be
easily transformed into such a statement). See details in [3]. Therefore, the same
work already made for the formalization, can be reused for extracting code from
statements.

As explained at the end of Section 3, we will work with a simplified version
of the Kenzo composition. More concretely, we do not consider the degree in
the structures (that is, the degree of morphisms is 0) and, in addition, we do
not assume that groups are free (that is to say, the strategy is always :cmbn, by
combination, following Kenzo terminology). One fragment of such a formalization
can be found here:

constdefs
group-mrp-comp :: [ ( ′b, ′c) group-mrp-type, ( ′a, ′b) group-mrp-type] =>

( ′a , ′c) group-mrp -type
group-mrp-comp g f ==

(| src = src f , trg = trg g , morph = (morph g) ◦ (morph f ),
src-comm-gr = src-comm-gr f , trg-comm-gr = trg-comm-gr g |)
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lemma group-mrp-composition:
assumes A1 : group-mrp A
and B1 : group-mrp B
and C1 : trg-comm-gr A = src-comm-gr B
and D1 : trg A = src B
shows group-mrp (B ◦ A)

We can now apply Berghofer’s extraction tool [4] on the definition appearing
in the statement, obtaining the following ML program (only the most relevant
part is shown here):

fun comp g f = (fn x => g (f x));

fun group_mrp_comp g f =
group_mrp_type_ext (src f) (trg g) (comp (morph g) (morph f))

(src_comm_gr f) (trg_comm_gr g) Unity;

In this case, the proof of the previous Isabelle lemma is to be considered as
a proof of correctness for the ML program (assuming, as usual, the soundness
of Berghofer’s translation). This (certified correct) ML program should be com-
pared with the real corresponding Kenzo program or better, to ease the reading,
with the simplified Common Lisp version given at the end of Section 3.

8 Conclusions and Future Work

In this paper we have applied Berghofer’s extraction tool for Isabelle scripts to
obtain Computer Algebra programs, with a certificate of correctness. Our contri-
bution lies on extracting code from statements and not from proofs, as usual in
constructive type theory. From a technical point of view, it would be more accu-
rate to say that code is extracted from definitions appearing in statements, but
it has been considered more appealing to exploit the couple statement/proof. In
fact, in the arithmetic example in Section 6, it is clear that we are programming
inside Isabelle, by transforming predicates into recursive functions, and proving,
at the same time, the correctness of these transformations.

Even if it seems that in the elementary examples from Computer Algebra in
Algebraic Topology, this work of programming in Isabelle is not necessary, im-
portant challenges are still open. It would be necessary to bridge the gap between
the ML and Common Lisp programming language, and even more difficult, the
gap between the ML programs extracted (that could be very inefficient) and
the corresponding performing programs which are really usable. With respect
to this, the toy example with prime numbers could illustrate the strong difficul-
ties (in terms of proving efforts within Isabelle) to obtain a reasonably efficient
program. Thus, finally it will be perhaps unavoidable to program in Isabelle in
order to get usable programs. From our point of view, this problem of using
proof assistants to synthetize “real-life” programs is a central one in intelligent
information processing (see, for instance, [19] and [20]).
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