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General background

Motivation and overview

Given problem in Solution in
Z[XW‘ xv] Z[x1, xv]
Using ring morphisms Inverting morphism with

Garner's algofithm,
Interpolation, Newton's Iteration
and Hensel Lifting

One or several One or several
problems solutions
in Zp[le in Zp[xw]

Solve problem in Zp[x1]

3/ 39
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Definition 1 (ring homomorphism)
Let R and R’ be two rings. Then a mapping 6 : R — R’ is called a
ring homomorphism if

1. 6(a+b)=06(a) +6(b) forall a,be R

2. 0(ab) = 6(a)0(b) for all a,b e R

3.01)=1

Lukas Bulwahn: Computing with polynomials 4/ 39



General background ~ Chinese Remainder Algorithm and Newton Interpolation ~ The Hensel lifting ~ Multivariate Hensel lifting

Definition 1 (ring homomorphism)
Let R and R’ be two rings. Then a mapping 6 : R — R’ is called a
ring homomorphism if

1. 6(a+b)=06(a) +6(b) forall a,be R

2. 0(ab) = 6(a)0(b) for all a,b e R

3.01)=1

From this definition and the ring axioms also follows:
» 6(0)=0
> §(—a) = —6(a)
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Example 2 (modular homomorphism)
Om : Zx1, ... %] = Zmlx1, .-, %]
is defined for a fixed m € Z by:

> Om(xi) = xi for1<i<v
> Om(a) = rem(a, m) for all coefficients a € Z

"replace all coefficients by their "modulo m" representation”
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Example 2 (modular homomorphism)
Om : Zx1, ... %] = Zmlx1, .-, %]
is defined for a fixed m € Z by:
> Om(xi) = xi for1<i<v
> Om(a) = rem(a, m) for all coefficients a € Z

"replace all coefficients by their "modulo m" representation”

for a(x,y) = 2xy + 7x — y2 + 8 € Z[x, y]:
05(a) = 2xy + 2x — y? — 2 € Zs[x, y]
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Example 3 (evaluation homomorphism)

ex,-—a : D[Xla s 7Xv] - D[le ceey Xi—1, Xit1, .- 7XV]

is defined for a particular indeterminate x; and a fixed « € D by:
ex,'—a(a(xla s aXV)) = a(XI’ sy Xim1, O Xit 1y - - - 7XV)
"substitute « for x;”
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Example 3 (evaluation homomorphism)

Oxi—a = Dlx1, ... %] = Dlxa, ..o, Xim1, Xig1, -5 0]

is defined for a particular indeterminate x; and a fixed « € D by:
exi—a(a(xla s aXV)) = a(le sy Xim1, O Xit 1y - - - 7XV)
"substitute « for x;”

for a(x,y) = 2xy + 7x +y?> + 8 € Z|x, y]:

Ox—2(a) = 4y + 14 +y* +8 € Zy]
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Characterization of homomorphisms

Ring homomorphisms can be uniquely be characterized by ideals.

Definition 4
Let R be a commutative ring. A nonempty subset | of R is called
ideal if

1. a+belforalla,bel
2. —aclforallac|
3. arel forall ael and forall r € R.
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Example 5 (Examples for ideals)

Lukas Bulwahn: Computing with polynomials 8/ 39



General background ~ Chinese Remainder Algorithm and Newton Interpolation ~ The Hensel lifting ~ Multivariate Hensel lifting

Example 5 (Examples for ideals)

» (m)CZ={m-r:r=0,£1,£2,...}
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Example 5 (Examples for ideals)

» (m)CZ={m-r:r=0,£1,£2,...}
> (4) = {0,+4,£8,+12, ...}
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Example 5 (Examples for ideals)
» (m)CZ={m-r:r=0,£1,£2,...}
> (4) = {0,£4,+8,+12 ...}
> (p(x)) C Z[x] = {p(x) - a(x) : a(x) € Z[x]}
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Example 5 (Examples for ideals)

m CZ={m-r:r=0,£1,£2,...}
4) = {0,+4,+8,+12,.. .}
p(x)) C Z[x] = {p(x) - a(x) : a(x) € Z[x]}

(
(
(
(x=2) ={(x = 2)-ax) : a(x) € Z[x]}
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Correspondence of ideals and homomorphisms

We note that:

» Let R and R’ be commutative rings. The kernel K of a
homomorphism 6 : R — R’ is an ideal in R.
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Correspondence of ideals and homomorphisms

We note that:
» Let R and R’ be commutative rings. The kernel K of a

homomorphism 6 : R — R’ is an ideal in R.

» If 1 : R — R and > : R — R" have the kernel K, the two
homomorphic images are 61(R) and 6»(R) are isomorphic.
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Correspondence of ideals and homomorphisms

We note that:
» Let R and R' be commutative rings. The kernel K of a

homomorphism 6 : R — R’ is an ideal in R.

» If 0 : R — R  and 6> : R — R" have the kernel K, the two
homomorphic images are 61(R) and 6»(R) are isomorphic.

» Consequently, homomorphism can be constructed and notated
using their ideal.
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Correspondence of ideals and homomorphisms

We note that:
» Let R and R' be commutative rings. The kernel K of a
homomorphism 6 : R — R’ is an ideal in R.

» If 0 : R — R  and 6> : R — R" have the kernel K, the two
homomorphic images are 61(R) and 6»(R) are isomorphic.

» Consequently, homomorphism can be constructed and notated
using their ideal.

» Congruence Arithmetic can be done modulo | for any ideal .
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Correspondence of ideals and homomorphisms

Example 6
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Correspondence of ideals and homomorphisms

Example 6

» The homomorphism 64 has the kernel/ideal (4).
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Correspondence of ideals and homomorphisms

Example 6

» The homomorphism 64 has the kernel/ideal (4).

» The homomorphism 6,_» has the kernel (x — 2).
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Correspondence of ideals and homomorphisms

Example 6

» The homomorphism 64 has the kernel/ideal (4).
» The homomorphism 6,_» has the kernel (x — 2).

» Evaluation of p(x): p(c) = d is equivalent to
p(x) =d mod (x — c).
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Correspondence of ideals and homomorphisms

Example 6

» The homomorphism 64 has the kernel/ideal (4).
» The homomorphism 6,_» has the kernel (x — 2).

» Evaluation of p(x): p(c) = d is equivalent to
p(x) =d mod (x — c).

» From an "ideal” viewpoint, modular and evaluation
homomorphisms are the same.
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Operations on ideals

» The ideal (a1, ay,...,a,) is defined as
{ain+---+anm:r € R}
ai,...,an € R is called basis.
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Operations on ideals

» The ideal (a1, a2, ..., ap,) is defined as
{ain+---+anm:r € R}
ai,...,an € R is called basis.

> Forideal | = (a1,...,ap) and J = (b1,..., bm):
the sum of two ideals is
I+J={U+Jy={(I,J)=(a1,...,an,b1,..., bm)
the product of two idealsis /- J = (/- J) =
<31b1, ey albm, azbl, ey agbm, ey a,,bl, ey a,,bm>
The i-th power is recursively defined by:
MT=1landl'=1-1""1fori>2.
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Example 7

> (x,y) are all polynomials a;x + apy with a1, a; € R|x, y].

> (x,y) - (x,y) are all polynomials a;x® + apxy + azy? with
ai,ap,as € R[X,y].

> (x,y)¥ are all polynomials with terms of at least a total
degree k.
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Chinese Remainder Algorithm and Newton Interpolation
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Inverting modular homomorphisms with Chinese
Remainder Algorithm

The Chinese Remainder problem is stated as follows:

Given pairwise comaximal ideals Iy, I, ..., I, and given
corresponding residues s; € Z/l;, 0 < i < n, find an integer
ueZ/ ] i such that

u=s; mod [;,0<i<n.
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The Chinese Remainder Algorithm: Garner's Algorithm

The key to the algorithm:
Express the solution u € Z/[]]_, /; in mixed radix representation.

Definition 8 (mixed radix representation)

A element u € Z/ [, /i is in mixed radix representation when it
is in the form

u® 4+ Au® + AP 4 Al
where u(1) =y € Z/l

and Auk) e TIN 0 1/ TT o li for L< k< d
and n is the number of equations.

We define vkt = () 4+ Au® 4 Au(R),
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Mixed radix representation

So, for ideals I; = (m;), the elements Au(%) can be represented in
the following form:

Autk) =y - H 0 m;

where uy € Z, for 0 < k < n.
Therefore, u can be written as:

u:u0+u1-mo+uz-(mom1)+---—|—un~(H,_o m;)
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Mixed radix representation

So, for ideals /; = (m;), the elements Au(k) can be represented in
the following form:

Autk) =y - H Om,

where vy € Zn, for 0 < k < n.
Therefore, u can be written as:

u:u0+u1~m0+u2-(mom1)+--'+un-(H,'-’:01m,)

Example 9
mp=3m=5m=3-5=15
5=(-1)+2-3

Any number from -7 to 7 can be represented in this form.
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From modulo equations to mixed radix form

Iteration over i = 0...n:

» For i =0: u= sy mod mg
Choose ug = sp.
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From modulo equations to mixed radix form

Iteration over i =0...n:
» For i =0: u= sy mod mg
Choose ug = sp.
» Fori=k: up,.
Solve

up + ur(mo) + up(momy) + -+ + uk(Hffz_Ol m;) = s, mod my

.., Ug_1 are known.
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Choose ug = sp.
» Fori=k: up,.
Solve

up + ur(mo) + up(momy) + -+ + uk(Hffz_Ol m;) = s, mod my
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From modulo equations to mixed radix form

Iteration over i = 0...n:

» For i =0: u= sy mod mg
Choose ug = sp.

» For i = k: ug,...,ux_1 are known.
Solve

ug + u1(mo) + ua(momi) + -+ + ur([TiZg mi) = sk mod my
= Uk =

<sk — (uo o U (Hf'(;oz m,-))) (H,l'(;ol m,->_1 mod my
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From modulo equations to mixed radix form

Iteration over i = 0...n:

» For i =0: u= sy mod mg
Choose ug = sp.

» Fori=k: ug,...,ux_1 are known.
Solve
uop + ur(mo) + ua(momy) + -+ + uk(Hfzol m;) = s, mod my
— U =

(sk — (uo 4+ U (Hf-(;(f m,-))) (Hff;ol m,~>71 mod my

From mixed radix representation to standard representation by
evaluation with Horner scheme.
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Uniqueness of the Chinese Remainder problem

The Chinese Remainder Problem can be uniquely solved and can
be transfered from the domain Z/[[7_, /; to Z if all moduli

mg, ..., m, are pairwise prime and a < u < a+ m with

m = []7_, m; for any fixed integer a € Z.
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Inverting evaluation homomorphisms with Newton
Interpolation
The polynomial interpolation problem is stated as follows:
Let D be a domain of polynomials over a coefficient field R. Given
ideals (x — ap), (x — a1),...,(x — an) where ¢; € R,0< i <n
and given corresponding residues s; € D,0 < < n, find a
polynomial u(x) € D[x] such that

u(x) =s; mod x —a;,0 <i<n.
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Inverting evaluation homomorphisms with Newton
Interpolation

The polynomial interpolation problem is stated as follows:

Let D be a domain of polynomials over a coefficient field R. Given
ideals (x — ap), (x —ai1),...,(x —a,) where o € R,0<i<n
and given corresponding residues s; € D,0 < j < n, find a
polynomial u(x) € D[x] such that

u(x) =s; mod x —a;,0 <i<n.

ai,...,q, are also called interpolation points.
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Inverting evaluation homomorphisms with Newton

Interpolation
The polynomial interpolation problem is stated as follows:
Let D be a domain of polynomials over a coefficient field R. Given
ideals (x — ap), (x —ai1),...,(x —a,) where o € R,0<i<n
and given corresponding residues s; € D,0 < j < n, find a
polynomial u(x) € D[x] such that

u(x) =si mod x —a;,0 <i<n.

ai,...,q, are also called interpolation points.

The polynomial interpolation problem can be uniquely solved with
Newton interpolation if deg(u(x)) < n with n+ 1 distinct
interpolation points.
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The Hensel lifting
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The factorization problem

We consider the following problem:
Given a polynomial a(x), we look for two polynomials u(x), w(x)
such that

a(x) = u(x) - w(x)

Lukas Bulwahn: Computing with polynomials 21/ 39



The Hensel lifting

The factorization problem

We consider the following problem:
Given a polynomial a(x), we look for two polynomials u(x), w(x)
such that

a(x) = u(x) - w(x)
Reformulated, we are looking for a root of the function
F(u,w) = a(x) — u(x)w(x)

Assume, we found a solution u® and w) in R/I.
We now invert a homomorphism 6, : R — R/| lifting two
polynomials u and v as solution by an iterative method.
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The Hensel lifting

The factorization problem

We consider the following problem:
Given a polynomial a(x), we look for two polynomials u(x), w(x)
such that

a(x) = u(x) - w(x)
Reformulated, we are looking for a root of the function
F(u,w) = a(x) — u(x)w(x)

Assume, we found a solution u® and w) in R/I.

We now invert a homomorphism 6, : R — R/| lifting two
polynomials u and v as solution by an iterative method.
This iterative method is called the Hensel construction.
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Ideal-adic representation

Definition 10
Let / be an given ideal. A polynomial u is in ideal-adic
representation when it is in the form

u® + Au® + AU 4 AUl
where u() € R/I

and Auk) € [K/1FFL for 1 < k < d
and d is maximal total degree of u with respect to I.

We define utkt1) = () 4+ Au@ 4 AulR),
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|deal-adic approximation

Definition 11

Let / C R be an ideal. For a given polynomial a € R, a polynomial
b € R is an order k ideal-adic approximation to a with respect to |
if

a=b mod I¥

The error approximating a by b is a — b € /.

Example 12
The polynomial u(k) is an order k ideal-adic approximation to the
polynomial u.
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The iteration step of the Hensel construction

» Assume, we already have a pair of order k approximations u(k)
and w(¥, so F(u®), wlk)) =0 mod I¥.

Lukas Bulwahn: Computing with polynomials 24/ 39



General background  Chinese Remainder Algorithm and Newton Interpolation ~ The Hensel lifting ~ Multivariate Hensel lifting

The iteration step of the Hensel construction

» Assume, we already have a pair of order k approximations u(k)
and w(¥, so F(u®), wlk)) =0 mod I¥.

» We want to get k+1 order approximations
u(k+1) e u(k) + Au(k) and W(k+1) — W(k) + Aw(k)
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The iteration step of the Hensel construction

» Assume, we already have a pair of order k approximations u(k)
and w(¥, so F(u®), wlk)) =0 mod I¥.

» We want to get k+1 order approximations
u(k+1) e u(k) + Au(k) and W(k+1) — W(k) + Aw(k)

» So F(u® + Au® wk) L Aw(k)) =0 mod I++1
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The iteration step of the Hensel construction

» Assume, we already have a pair of order k approximations u(k)
and w(¥, so F(u®), wlk)) =0 mod I¥.

» We want to get k+1 order approximations
k1) — (k) £ Ay and wk+1) = wk) £ Awk)

» So F(u® + Au® wk) L Aw(k)) =0 mod I++1

> F(uk), wlk) 4 f;—f(u(k), w)Auk) 4 g_'/'i(u(k)7 w)Awk) =
0 mod [K+1
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The iteration step of the Hensel construction

» Assume, we already have a pair of order k approximations u()
and w(¥, so F(u®), wlk)) =0 mod I¥.

» We want to get k+1 order approximations
k1) — (k) £ Ay and wk+1) = wk) £ Awk)

» So F(u® + Au®) wk) + Aw(K)) =0 mod 1¥+1

> F(u), wk)) 4 %(u(k)’ w ALk 4 %(u(k)7 w)Awk) =
0 mod [*+1

» With F(u,w) = a— uw, we get:
F(u®), wk)) — wk) Ay — 4y AWK = 0 mod 1++1
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The iteration step of the Hensel construction

» Assume, we already have a pair of order k approximations u()
and w(¥, so F(u®), wlk)) =0 mod I¥.

» We want to get k+1 order approximations
u(k+1) = u(k) + Au(k) and W(k+1) e W(k) + Aw(k)

» So F(u® + Au®) wk) + Aw(K)) =0 mod 1¥+1

» F(u(k)7 W(k)) + %(u(k)’ W(k))AU(k) —+ S%Fv(u(k)’ W(k))AW(k) =
0 mod [*+1

» With F(u,w) = a— uw, we get:
F(u®), wk)) — wk) Ay — 4y AWK = 0 mod 1++1

» Finally, we have:
wK ALK 1+ (AWK = F(u(k), W(k)) mod [¥+1
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Univariate Hensel lifting

Problem:
Inverting modular homomorphism 6, : Z[x] — Zp[x]

Given polynomials a(x) € Z[x] and u™®(x), w)(x) € Z,[x] such
that

a(x) = uo(x)wo(x) mod p
calculate u(x), w(x) € Zpt[x] such that
F(u,w)=a(x) —uw =0

and u(x) = uM(x) mod p
and w(x) = wM(x) mod p
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p-adic representation and approximation

Definition 13

Let / = (p) be an ideal and let R = Z|[x].

A polynomial u(x) is in its polynomial p-adic representation when
it is in the form

u® + A + Au® 4+ Ayl
where u() € R/I
and Auk) € [k/1F for 1 < k < d

and d is maximal total degree of u with respect to I.

We define u(k+1) = (1) £ Ay 1+ 4+ AR,
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More specific view at the p-adic representation

uM) € R/I is a polynomial with coefficients in Z/p.
and the elements Au(%) can be represented in the following form:

Autk) =y (x) - p¥

where uy € Zyi[x] for 0 < k < n.
Therefore, u can be written as:

u(x) = up(x) + u1(X)p + ua(x)p? + - + up(x)p".
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order n p-adic approximation

Definition 14
Let a(x) € Z[x] be a given polynomial. A polynomial b(x) € Z[x]
is called an order n p-adic approximation to a(x) if

a(x) = b(x) mod p"

The error in approximating a(x) by b(x) is a(x) — b(x) € Z|[x].
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Example 15

u(x) = 27x% + 11x + 7

in polynomial p-adic representation for p = 5:
u(x) = (2x> +x+2)+ (2x +1) -5+ x? . 52
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The iteration step of the Hensel lifting

> We have order k approximations to u(x) and w(x), called u(¥)
and w(k).

» Remember that
w AL + AWK = F(uk) wk)) mod 1++1

a(x)—u(k) w(k)

> Solve wo(x)uk(x) + uo(x)wk(x) = 6p (T) with
Extended Euclidean Algorithm

» Define u(k+1) = (k) 4y (x)p¥ and wlk+1) = wk) 1w (x)p¥
and repeat iteration.
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Uniqueness of the Hensel construction

If a(x) € Z[x] is monic and u(*) and w() are monic and relative
prime, then there are uniquely determined monic polynomials
factors u(®) and w(k) for any k > 1.
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Uniqueness of the Hensel construction

If a(x) € Z[x] is monic and u(*) and w() are monic and relative
prime, then there are uniquely determined monic polynomials
factors u(®) and w(k) for any k > 1.

For a non-monic polynomial a(x), some pre- and postprocessing
has to be done.
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A A P
Example for univariate Hensel lifting
» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
» First iteration of Hensel construction
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L O S O
Example for univariate Hensel lifting
» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)

» First iteration of Hense! ?Snstruction
» Calculate 95(M) =2x% —x—2
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
» First iteration of Hensel construction

» Calculate 95(3()()+(1)W(1)) =2x% —x—2

» Solve (x? — 2)up(x) + xwi(x) = 2x% — x — 2
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
» First iteration of Hensel construction

» Calculate 95(3(X)+(1)W(1)) =2x% —x—2

» Solve (x? — 2)up(x) + xwi(x) = 2x% — x — 2

»u(x)=1Lwm(x)=x-1
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
» First iteration of Hensg! ?Snstruction

» Calculate %(M) =2x% —x—2
Solve (x? — 2)ur(x) + xwy(x) = 2x> — x — 2
n(x)=Lwm(x)=x-1
u(2) = u(l) + U1(X) -p= X + 5
w® =w L w(x) - p=x>45x—7

v

\{

v
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
» First iteration of Hensg! ?Snstruction

» Calculate %(M) =2x% —x—2
Solve (x? — 2)ur(x) + xwy(x) = 2x> — x — 2
n(x)=Lwm(x)=x-1
u® =u® fu(x) - p=x+5
w® =w L w(x) - p=x>45x—7
> Next iterations:

v

\{

v
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
» Applying 5(a(x)) = x3 — 2x = x(x®> — 2) = ) . w(V)
» First iteration of Hensg! ?Snstruction

» Calculate %(M) =2x% —x—2
Solve (x? — 2)ur(x) + xwy(x) = 2x> — x — 2
n(x)=Lwm(x)=x-1
u® =u® fu(x) - p=x+5
w® =w L w(x) - p=x>45x—7
> Next iterations:

v

\{

v
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Example for univariate Hensel lifting

» Factorizing a(x) = x3 + 10x? — 432x + 5040 with p =5
> Applying 5(a(x)) = x® — 2x = x(x2 — 2) = v - wl)
» First iteration of Hensg! Egnstruction

» Calculate 05(3()()_%) =2x% —x—2
Solve (x? — 2)u1(x) + xwy(x) = 2x% — x — 2
n(x)=Lwm((x)=x-1
u@ =u® 4 (x) - p=x+5
w® =w® L wi(x) - p=x>+5x—7
» Next iterations:

v

v

v

Iter ‘ Uk ‘ W ‘ u(F(x) ‘ w(K(x) ‘ e(x)
0 | - - X x2 -2 10x2 — 430x + 5040
1 | 1| x=1 | x+5 x> +5x—7 —450x + 5075
2 |1 | —x+4+2| x+30 | x>—20x+43 125x + 3750
310 1 x 430 | x2 —20x + 168 0
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Multivariate Hensel lifting
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Multivariate Hensel lifting
Problem:

Inverting multivariate evaluation homomorphism
0):Zx, ..., x,] — Z]x1]

Given polynomials a(x) € Z[xi, ..., x,] and
u(x1), w(x1) € R/I such that
a(x1) = u®(xq)wl(x1) mod 1
calculate u(xy, ..., %), w(x1,...,x/) € R[x1,...,x,] such that

F(u,w)=a(x) —uw =0
and u(xq,...,x,) = uvM(x) mod |
and w(xy,...,x,) = w(x) mod I
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Multivariate Hensel lifting
Problem:

Inverting multivariate evaluation homomorphism
0):Zx, ..., x,] — Z]x1]

Given polynomials a(x) € Z[xi, ..., x,] and
u(x1), w(x1) € R/I such that
a(x1) = u®(xq)wl(x1) mod 1
calculate u(xy, ..., %), w(x1,...,x/) € R[x1,...,x,] such that

F(u,w)=a(x) —uw =0
and u(xq,...,x,) = uvM(x) mod |
and w(xy,...,x,) = w(x) mod I

The ideal | has the form (x2 — ag2,...,x, — ay).
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Ideal-adic representation

Analogously to p-adic representation, we can define a ideal-adic
representation for an ideal I.

Definition 16

Let | = (xop — ap,x3 — a3,...,x, — ) be an given ideal. A
polynomial u(x,...,x,) is in ideal-adic representation when it is in
the form

D + A + Au® 4 Al
where uV) € R/I

and Aulk) ¢ [K/I* 1 for 1 < k< d
and d is maximal total degree of u with respect to I.

We define u(k+1) = (1) 1+ Ay 4+ 4+ AR,
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More specific view at the ideal-adic representation

The term u™ is u(x1, an, 03, ..., a,).

A term Au(k) € I¥ is a sum of all terms with total degree of k with
respect to |, so it has the form

ZZ Z i XI1_af1)'(Xf2_ai2)' '(Xik_aik)

=2 =i ik=ik—

coefflc:ent k factors
TV

k sums

where2 < <...<j<v
and i is a vector with k entries of indices = (i1, i2, . . ., ik)
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|deal-adic approximation

Definition 17

Let | be an ideal in Z[x,...,x,]. For a given polynomial
a€Zlx,...,x/], apolynomial b € Z[xi,...,x,] is an order k
ideal-adic approximation to a with respect to | if

a=b mod I¥

The error is approximating a by b is a — b € /.

Example 18

The polynomial u(k) is an order k ideal-adic approximation to the
polynomial u.
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Iteration step for multivariate Hensel construction

From an k order ideal-adic approximation u(¥) and w(¥), we
calculate an k+1 order ideal-adic u(¥*1) and w(k+1)
approximation.
» The update formula
wK Autk) 1y AWK = (a(xq, ..., x,) — v wlk)) mod 1++1
> Represent a(xy, ..., x,) — uw(k) =
2522 Zi‘g:h o Z}Z:I.k—l Ci(k)(xl)(xil - ail) T (Xik - aik)
» Separate and simplify equation to
wDui(x1) + uMw;(x1) = ci(x1)
» Solve with Extended Euclidean Algorithm
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Multivariate Hensel lifting

Outlook

We did not discuss

» Leading Coefficient Problem in the univariate Hensel
Construction

» Bad performance because of the Bad-Zero Problem
» Using sparseness of solution to improve Hensel Construction

» Quadratic lteration, also known as Zassenhaus Construction
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