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Abstract. This work presents the theory of UML 2.0 interactions, that is proven
to define an institution.

1 Introduction

The present work is devoted to the language of UML 2.0 interactions. We develop an ab-
stract syntax, a formal semantics based on previous works [1,2], a first-order extension
of the language, and the corresponding extension of the formal semantics. We discuss
some alternatives for the semantics, in particular in the light of institutions [3].

Preliminaries

A class hierarchy C is a pair (C, <¢) with C a set of class names and <c C C' x C
an inheritance relation. An object domain O for C is a family (O.).cc of sets of object
identifiers verifying O., C O, if ¢1 <¢ c3. A class hierarchy C' = (C’, <) is called
a subhierarchy of a class hierarchy C = (C,<¢) if C C C’ and <[, = <¢|o=
{(c},dy) € <¢ | ¢}, ch € C'}. In this case, we write C' C C,

2 Atomic interactions

2.1 Syntax

An interaction signature, or IL-signature for short, is a pair X' = (C, M), where C is a
class hierarchy and M a set of messages. If ¢ € C, by abuse of notation we may write
c € Y. Likewise, if m € M, we may write m € Y. An IL-signature X/ = (C', M') is
a subsignature of X = (C, M), denoted by X/ C X, if C’ C Cand M’ C M.

Given a signature X = (C, M), with C = (C, <¢), and variables X = (X).cc,
we define the set 7" of atomic formulas over 2 and X by

Q ::= skip | snd(z¢, y?¢, m) | rev(z®, y?, m)
T:=Q
| strictT,T) | seq(T,T) | par(T,T) | alt(T,T)
| loop(T) | neg(T) | assert(X’, T)

where c,d € C,2¢ € X¢,y? € X4 m € M,and &' C X.



Given IL-signatures >y = (Cy,M;) and Xy = (Cs, M>), an IL-signature mor-
phism o : Y7 — X5 monotonically maps class names to class names, and maps
messages to messages. Given a set of variables Xy = (X5?)c,ec,, We define a set
Xolo= X1 = (XT)e e, by X&' = X2V Signature morphisms extend to atomic
formulas over Xy and X5/, as follows:

o (skip) = skip
o(snd(z¢ y ,my)) = snd(z() 374 5(my))
o(rev(z, yh ml)) rev(z?(¢1) |y (dl),a(ml))
o (strict( Tl,T1 )) = strict( (Tl) a(T?))
olislTy ) = e T}
o(par(T}, T7)) = par(o(T}), o (17))
o(ak(Ty, T2)) = al ( Do)
o(lo0p(T)) = loop(a (T} )
o(neg(T})) = ne ( 9)
o(assert(X], T})) = sert a(31),o(TL))

2.2 Semantics

Given an IL-signature X' = (C, M) with C = (C, <¢), a structure T for X is a triple
Z = (0, M, i) where O = (O°).cc is an object domain for C, M a domain of actual
messages, and ;1 : M — M is an interpretation function for messages.> By abuse of
notation, if o € O° for a ¢ € C, we write 0o € Z; likewise, for a message instance
m € M we may write m € 7.

Given moreover variables X = (X).cc, a valuation = (8°)cec for X in T
assigns values to variables, i.e., ¢ : X¢ — OF¢ for every ¢ € C. When clear from the
context we may write simply 3 instead of 5¢.

A subsignature X/ = (C', M) C X with C' = (C’, <) induces a set of reachable
traces T (X', T) defined by

T(XI)={e1-ex---en|Vie{l,...,n}. 30,0 € U.ccr O°. Im € pu(M').
e; = snd(o,0’,m) V e; = rev(o,0',m) }

(Notice that 2" might cover X' entirely.) The set T(Z) of all traces of the structure Z is
defined by

T(Z)={e1-ex---e,|Vie{l,...,n}. Jo,0/,m e .
e; = snd(o,0’,m) V e; = rev(o,0',m) }

Obviously, 7(X,Z) C T(Z). The equality does not hold in general: it fails when not
every message instance of the structure can be denoted by the signature.

The sets P7(T, 3) and A7(T, 3) of positive resp. negative traces of an atomic
formula 7" over X' and X in the structure Z under valuation /3 are inductively defined as
given in Tab. 1. Itis easy to check that 227 (T, 8) C 7 (X, Z) and A7(T,3) C T (X, I).

3 Messages are treated almost as were they variables. Alternatively, they might have a structure,
that need be reflected by the interpretation function p. These matters, for the purposes of the
present work, are irrelevant.



skip {e} 0
snd(z®, y*, m)|| {snd(B(z°), B(y*), u(m))} 0
reviz®, y?, m) || {rev(B(z°), B(y®), u(m))} 0

strict(Th,T2) || Pz(Th,B) ; Pz(1T>, B)

)
seq(T1,T2) || Pz(11, B) ;5 P1(T3, B) b (P2(T1, B) 15 N2 (T2, B)
B)

) ab
(JVI(TM ) I(TQ, )
(N2(T1, B) 55 N2(T2, 5))
par(1h,To) || Z2(T0,B) || Z2(T2,8) | | (Pz(Th, B) | S2(T2,8))U | ¢
(Az(Th, B) || 22(T3, B)) U
(Az(Th, B) || A2(T2, )
a|'[(T1,T2) @I(Tl,B)U@I(T%B) */VI(TMB)UJVI(T%B) ¢
loop(T”) Unew 22T 8)% | * |Upen(22(T', 8) U A2(T', B))% | €
\21(T", B)=
neg(1") {e} Zr(T',8) U A(T', B) ‘
assert(X’, T") 27(T', B) T(X,T)\ 2(T',5) 4

“ The set of negative traces associated with strict sequential composition, weak sequential com-
position, disjunction, and negation of interaction(s), respectively, differs from our original def-
inition in [1] and is aligned with the one by [2].

b Weak sequential composition of two traces t1 and t2, denoted by t1 ;4 t2 (see [1]), defines not
necessarily a single trace but possibly a set of traces. For sets of traces 77 and .75, their weak
sequential composition 73 i T5 is extensionally defined by U e T tae Ty t1 ;5 to.

¢ Parallel composition of two traces 1 and t2, denoted by ¢1 || t2 (see [1]), defines not neces-
sarily a single trace but possibly a set of traces. For sets of traces 7 and .73, their parallel
composition .71 || 71 is extensionally defined by Uy, ¢ 2, t5e 7 t1 || t2-

d Given a set of traces .7, its n-th weak sequential composition .7 = is inductively defined by

Ti=L {5} and 7% X7 O % The set of positive traces of loop(1”) in Z according to
ﬁ is equivalent to | J

nen P1(seq™(T"), 3) where by seq™(T)) we abbreviate the term defined

by ser(T)d:efskip and seq"‘”(T) = seq(T, seq"(T)).

¢ Similarly, the set of negative traces, in Z according to 3, of loop(T”) is equivalent to
Unen Az (seq™(T), B).

/ The assertion needs to be made with respect to a set of lifelines or class names as well as with
respect to a set of messages, lifelines and messages gathered in a subsignature, in order to
ensure the invariance of the semantics under change of notation; see Sect. 2.3.

Table 1. Semantics of propositional formulas



Given IL-signatures Xy = (Cy1, M;) and X5 = (Co, M) with C; = (C;, <¢,) (i =
1,2), given an IL-signature morphism o : Y; — Y5, and given a Ys-structure 7o =
(02, M3, 112), the reduct of I, along o is the X -structure Z3|,= (02|,, Ma, p12]s)
whose components are defined as follows:

02],= ((03)0)%)ecc, With (02]5) 03 for each ¢ € Cy

fialo (M) 15 (o (m)) for each m € M

Moreover, given variables Xo = (X5).cc, and given a valuation (5 for X5 in Zo,
the reduct of By along o is a valuation for X5 |, (see Sect. 2.1) in Z3 |, defined by

(Balo)(2) = B3 (27(9)),

2.3 Semantic invariance under change of notation

Let Yy = (C1, M) and Xy = (Cy, M) be IL-signatures, let o : X; — X9 be an
IL-signature morphism. Let Xo = (X5?).,ec, be a set of variables and X; = Xs|,.
Let 7o = (02, My, u2) be a Xa-structure and 77 = Zs|, with py = usl,. Let B2 be a
valuation for X5 in Z5 and 31 = (2,

Semantic invariance under change of notation is formulated as 7, (c(11), f2) =
P, (Th, 1) and A7, (0(Ty), B2) = A7, (T4, $1) for any atomic formula T} over Xy
and X;. This is shown by induction on the structure of 77 .

The base cases are as follows:

P1,(0(skip), B2) = {e} = P71, (skip, 1)

Nz, (o (skip), ,62) = (Z) = A7, (skip, 1)

Pz, (o(snd(x, y¥ ,my)), Bo) = Pz, (snd(x? (D), 47 () 5(m,))), B2)
= {snd(B2(z ”(Cl)) 52( 7)), (o (ma)))}
= {snd(f1 (z¢ ) Bi(y? )7M1(m1))}
= ‘@11 (snd d ,ml),ﬂl)

N, (o (snd(ze, y? my)), B2) = 0 = A7, (snd( Cl YT ma), Br)

(Analogously for T1 the formula rev(z®, y®, m1).)

For any other case, the thesis obviously holds by the induction hypothesis and by
definition of reduct. The only interesting case is given by the set of negative traces of
an assertion. If X = (€7, M{) C Xy with €} = (C], <¢,|c;), then

N, (o (assert(X], T1)), B2) = A7, (assert(o(X), 0(T1)), B2)
(0(21),Z2) \ P1,(0(T1), Ba)
21711>\‘@12( ( ) /82)

2171-1)\91_1(111761)
N7, (assert(X1, T1), 1)

g 1o 1l

T
T
T

o~ o~



The equality marked with a & deserves a little digression:

(
={e1-ex-en|Vie{l,...,n}. 30,0 € Ueey(xy)05. Im € a(X1).
e; = snd(o, o', ua(m)) V e; = rev(o, o, pa(m)) }
={e1-er---e, |Vie{l,...,n}. Jo,0 € UcegiOg(c). Im e Xy.
e; = snd(o, 0, ua(co(m))) Ve; = rev(o, o', ua(o(m))) }
={e1-ex-e,|Vie{l,...,n}. 30,0 € Ueex:(Oa|,)¢. IMm € X].
;= snd(o, o ol (M) V € = 1o¥(0, o ol (m)) }

i.e., that equality holds by definition.

This equality also holds if unreachable messages are used, i.e., if any m € M is
used instead of only those message instances in the image of uo. Moreover, unreach-
ability of messages is not what makes the semantic invariance fail when considering
the complement wrt. the set of all possible traces. If the definition of negative traces
for assert were the complement of the positive ones with respect to the universe of all
possible traces in the structure, then the semantic invariance would not hold. Indeed, in
the alternative reasoning:

N1, (o(assert( X, Th)), B2) = A7, (assert(o (X)), ( 1)), B2)
= T(IQ)\‘@Iz(U( Tv), B2)
= T(Il \ Z1,(0(T1), B2)
=T(T) \ P, (T1, Balo)
= A7, (assert(X],T1), 1)
exactly the equality marked with a & does not hold in general, since

T(Z:) ={ei-ex---en |Vie{l,...,n}. Jo,0',m € I;.
e; = snd(o,0’,m) V e; = rev(o, o', m) }
C{ey-eq---e,|Vied{l,...,n}. Jo,0,m € I,.
e; = snd(o,0’,m) V e; = rev(o,0',m) }
=T(Z,)

since o € 1, ﬁ o € I, i.e., unreachable types make the semantic invariance fail.

3 First-order interactions

In this section we introduce connectors for the definition of composed interactions, and
show that the obtained language IL of UML Interactions is an institution.

3.1 Syntax

An IL-signature declares classes (or, by abuse of notation, types) that may be in an in-
heritance relation, and messages. Usually in a object-oriented setting, messages are



method calls or signals, and are (inductively) defined given declarations of (typed)
methods and signals within classes.

Formally, and as in the atomic case, an IL-signature X' = (C, M) declares a class
hierarchy C and a set M of messages. The collection of all IL-signatures is denoted by
Signy; .

As discussed in Sect. 2.1, the messages could be typed; this matter, for the purposes
of the present work, is irrelevant. The same with attributes that are possibly declared
within a class, as well as inheritance and packaging mechanisms. By abuse of notation,
we write ¢ € X' if ¢ is a class name of the IL-signature X'. We likewise write m € X' if
m is a message of the IL-signature Y.

Let X' = (C, M) be an IL-signature with C = (C

,<c), let X = (X).cc be aset
of typed variables. The language of propositional (X,

<
X)-formulas has the form
T:=Q|O0pT,...,T)

where () ranges over members of a family of atomic formulas (e.g., single events or
pomsets over X' and X)), and Op over n-ary IL-operators (like strict, seq, par, etc., as in
Sect. 2.1, for instance). The language of first-order (X, X )-formulas has the form

Yu=T a7 =a5 | ¢ [ AP [ (Va)y

where 2¢, 2§, 25 € X¢forc € Y.

Notice that propositional (X, X )-formulas may contain occurrences of variables in
(X€)cec with C the types provided by X.

The notion of closed formula is defined as usual; closed (X, X )-formulas are called
Y -sentences. Abbreviations like 11 V 5 and 1)1 = 1o are likewise defined as usual.

The same as in Sect. 2.1, given IL-signatures >y = (C1, M1) and Xy = (Cy, M),
an IL-signature morphism o : X1 — X5 is a pair of maps (o, o)) between classes
and messages, with o monotonic. If the messages are typed, then the map o, must be
type preserving, i.e., compatible with o¢. IL-signature morphisms extend to formulas
in a natural way.

IL-signatures and IL-signature morphisms define a finitely cocomplete category.

3.2 “Natural” semantics

Given an IL-signature 3/, the notion of X-structure is defined as above in Sect. 2.2 and
likewise denoted by Z. Also the notion of valuation, both for classes and for messages,
is as defined above and denoted by (3. Finally, the set of traces associated with an IL-
signature, a structure and a valuation, denoted by 7 (X, Z) is as well unchanged.

We call an implementation any set of traces I C 7 (X, 7). The satisfaction rela-
tion, a 5-place relation between signatures, structures, valuations, implementations and
formulas, is defined for atomic interactions as follows:

I,I,B s T if 27(T,8)NI+40 and A7(T,8) NI =0



For first-order interactions, the canonical extension is used:

I,1,8 =y af = a5 if B(af) = B(a5)

17[76 ':Z‘ _‘w if Ialaﬂ %leﬁ

17]75 ':E 1/)1/\11[)2 if IaIaIB ':E 1/}1 and I7I7ﬂ ):Z 1/12
T,1,8 s (V2o if T, 1, B[a° — o] = ¢ forall o € O°

where Z = (0, M, p) and O = (O°) ¢ if ¥ = (C, M) with C = (C, <¢).

For trace sets, also a notion of reduct is defined. Let 3y and X> be IL-signatures,
let 0 : Xy — X5 be an IL-signature morphism, let Xo = (X$).cx, be a set of typed
variables. Let Zo = (02, Ms3) be a YXy-structure with 02 = (0O$).cx,, let 35 be a
valuation for X in Z5. The reduct of an implementation I C 7 (X5,7Z,) along o is
denoted by I|, and defined by I|,= I NT (X1, Z5|,) C T (X1, Z2s).

The satisfaction condition for first-order interactions, namely

Dolo, Io|o, Polo=x, U1 iff Ty, I, B2 =x, 0(¥1)
holds for atomic interactions:

1o, Iz, 32 5, o(T1)
iff P1,(0(T1),02) N1z # 0 and A7, (0(T1),F2) NI = by definition
iff P, (T1,B2l0) NIz # 0 and A7, (T4, fo|o) NIz =0 (see Sect. 2.3)
iff (@I2|G(T17/62|0) N T(Zl,zg|g)) N1, 7’5 (0 and

(«/sz\ (T1, Balo) N T (X1, Za|6)) N Ia =

since P, (T, Bolo) € 7 (X1,22|,) and

N1y, (T1, Balo) € T (X1, 12],5)

iff Pz, (11, Palo) N (T (21, Ia|o) N I2) # and

Ny, (T1, Bolo) N (T (21, To|o) N I2) =

by associativity of intersection
iff P, (T, Bolo) N Ia|o# O and A7, (T1, Balo) N Ia|o= 0

by definition of reduct of implementations
iff sy, Io|o, BoloFx, T1

For negation and conjunction, the satisfaction condition obviously holds by induc-
tion hypothesis. For universally quantified interactions,

Is, Iz, B2 Fx, o((V2)er)

iff Io, I, B2 =, (V27(9)a(31))

iff Ty, I, Bo[27(@ — o] =g, o(4b1) forall o € O

M To|o, Tolg, Bo[27(9) > 0]|o =5, 1y forallo € o"‘c) (Oa]4)° by H
iff Tols, Ialo, (Ba]o)[2€ — o] Ex, ¥ forallo € (Og| )¢ by lemma 1 below
iff Too, Lo|o, Bolof=x, (V2©)ihn

Lemma 1. (52],)[z¢ +— 0] = [2[z7(©) — 0]|4



2(ya(cl)) if ycr(d) 7& I,O‘(C)
if ya(d) _ ICU(C)

3.3 IL institution

For an IL-signature 2’ we define the notion of >’-homomorphism between X'-structures.
Let 7y = (01, My, 1) and Zy = (02, M3, j12) be X-structures. A X-homomorphism
h = ((he)ees, him) from Z; to Zy consists of a family h = (h.).cx of mappings h, :
0§ — O for each ¢ € X and a mapping h,,, : M; — Ms such that h,,(pu1(m)) =
pa(m) for each m € X,

It is easy to see that 2’-homomorphisms can be composed, and that the composition
of Y'-homomorphisms is associative. Obviously there also exist identity 3’-homomor-
phisms. Thus, X-structures define a category.

Given that the satisfaction condition holds, IL-signatures, their sentences and their
structures, and the satisfaction relation, define an institution [3]. The advantages of
institutions are largely discussed in the literature and thus omitted here.

3.4 Alternative semantics

An alternative definition of the semantics of a first-order interaction could be given that
takes, instead of a single implementation, two sets of traces into account. These sets
can be regarded as the set of proven positive traces of an implementation and the set
of proven negative traces of the same implementation. The satisfaction relation, thus,
contains 6-tuples and is defined for the atomic case as follows:

Z,(P,N),p =Ex T if 27(T,8) CP and A7(T,B) C N
The satisfaction condition is termed almost the same as in the previous case:

IZ|cr; (P2|0'7N2|0')752‘U':21 1/)1 iff I27 (P27N2)7ﬁ2 ':22 0(1/)1)

where the definition of reduct of sets of traces, be these positive or negatives, coincides
with the definition of reduct of an implementation as given above.



For atomic interactions, the satisfaction condition holds:

Ty, (P2, N2), 2 =5, o(Th)
iff #1,(0(T1),B2) C Py and A7, (o(T: ) B2) C Ny by definition
iff 912|U(T1,ﬂ2|0) C P and A7, (T1, B2|ls) € Ny (see Sect. 2.3)
iff (@12|5(T13/82|0) N T(El,IQ|U)) Q (P2 N 7(21712| )) and
(A7), (T, B2lo) NT (21, In|o)) © (N2 NT (21, 1s|o))
since for any sets S7, S2 and S3, if S C So, then S; NS5 C So N S3
on the one hand, and on the other
P, (11, Bolo) € T (X2, Io|o),
Ny, (T2, B2l o) € T (X2, Ts|,) and by transitivity of € ()
iff P, (11, 52l0) C Ps|s and A7, (T1,P2|s) € Nolo
by definition of reduct of trace sets
iff Zo|q, (Palo, Nalo), Bolo =5, T1

Finally, a definition
IZ,(P,N),f s T it 27(T,3)C P and A7(T,5) 2 N

does not fulfil the satisfaction condition. In the reasoning of above, the step marked
with a ¢ does not hold if the subset relation for the negative traces is inverted, since in
general Ny Z NoNT (X1, Zs|, ). Consider the following example: X'; contains only one
class name person and only one message hello, 25 contains class names child and parent
and the same messages as Y1, o : X1 — X5 maps person to child and is the identity on
messages; Zs has one object john of type child, one object mary of type parent, a message
hello, and po is the identity. Let ¢; be the trace snd(john, mary, hello), and let 5 be the
trace snd(john, john, hello). If No = {t1,t2}, then Ny|,= No N7 (X1, Z5|,) = {t2},
since person is mapped by o to child, and mary is a parent. Thus, {¢1,t2} = Ny € Na|,=
{t2} given that ¢; # t5. The term T for this example is neg(snd(zP®"*", =" hello)),
under a valuation (35|, (z°™*°") = john.

4 Discussion

In [2], a unary operator refuse is proposed, with

Pr(refuse(T),3) =0 and
e/VI(I'erSG(T),ﬁ) '@I(T7 /6) U t/VI(Ta B)

The operator for negation can be obtained from refuse by defining
neg(T') = alt(refuse(T), skip),

i.e., refuse is more primitive.

The ignore operator can be obtained by defining ignore(m; 1) = par(loop(m), T'),
where m, which stands for the sending or reception of a message m by any life-
line, should then be added contiguous to the event base cases and whose semantics is
given by Pz(m, ) = Uchczec{snd(s,r,ﬂ(m)), rev(s,r, B(m)) : s € O r € O°2}
and 47(m, 3) = 0. This abbreviation for ignore, together with the altered semantics



for alt (in the negative fragment), conceptually corresponds to the semantics as defined
in [1].

We have disregarded the loop operator with finite bounds and only considered the
unbounded version loop(0, *,7"). We chose to do so because the other cases are only
syntactic sugar. Indeed, loop(n, n, T') is equivalent to seq™(7"), where

seq”(T) Z'skip and
seq" (1) seq(T, seq™(T).

Moreover, and taking advantage of the associativity of alt, loop(m, n, T') is equivalent to
alt(seq™(T),...,seq™(1)).

The semantics for assert needed to be adjusted in order to obtain invariance under
change of notation, a desired because useful property of institutions. As discussed in
Sect. 2.3, the additional operand, a (sub-)signature, allows to circumscribe the universe
of traces with respect to which the complement is taken. Only reachable types are con-
sidered; a condition of this kind might also be necessary if the messages had structure,
and because of this reason we take a subsignature and not just a subset of class names as
additional operand. In this way, the semantics of assert remains stable if the signature
is extended.

Another interesting possibility is to consider assert a quantifier:

assert(z®,T) with

Pr(assert(xc,T), ) = Pz(T,3) and

Nz (assert(z®, T),3) = {e1-ex---e, |Vie{1,...,n}. To,0/,m e L.
(e; = snd(o,0',m) V e; = rev(o, o', m)) A
(0=pB(z) Vo = p(x)) }
\ f@I(T7 ﬁ)

The semantics of assert as well as the first-order fragment of the language was sense-
fully chosen. Particular applications may need further connectives, and possibly another
notion of semantics, be this for assert or negation or whatever operand. The satisfaction
condition should be respected particularly when interactions are to be combined in a
bigger landscape, for instance when different software designers work on separate parts
of a system, in order for the local properties to globally hold in the larger context.
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