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Abstract. Linear programming is a basic mathematical technique for
optimizing a linear function on a domain that is constrained by linear
inequalities. We restrict ourselves to linear programs on bounded do-
mains that involve only real variables. In the context of theorem proving,
this restriction makes it possible for any given linear program to obtain
certificates from external linear programming tools that help to prove
arbitrarily precise bounds for the given linear program. To this end, an
explicit formalization of matrices in Isabelle/HOL is presented, and how
the concept of lattice-ordered rings allows for a smooth integration of
matrices with the axiomatic type classes of Isabelle.

As our work is a contribution to the Flyspeck project, we argue that with
the above techniques it is now possible to prove bounds for the linear
programs arising in the proof of the Kepler conjecture sufficiently fast.

1 Introduction and Motivation

The Flyspeck project [3] has as its goal the complete formalization of Hales’
proof [2] of the Kepler conjecture. The formalization has to be carried out within
a mechanical theorem prover. For our work described in this paper, we have cho-
sen the generic proof assistant Isabelle, tailored to Higher-Order Logic (HOL) [4].
In the following, we will refer to this environment as Isabelle/HOL.

An important step in Hales’ proof is the maximization of about 10° real linear
programs. The size of these linear programs (LPs) varies; the largest among them
consist of about 2000 inequalities in about 200 variables. The considered LPs
have the important property that there exist a priori bounds on the range of the
variables. The situation is further simplified by our attitude towards the linear
programs: we only want to know whether the objective function of a given LP
is bounded from above by a given constant K.

Under these assumptions, Hales describes [1] a method for obtaining an arbi-
trarily precise upper bound for the maximum value of the objective function of
an LP. We will show that this method still works nicely in the context of mechan-
ical theorem provers. The burden of calculating the upper bound is delegated

* Supported by the Ph.D. program “Logik in der Informatik” of the “Deutsche
Forschungsgemeinschaft.”



to an LP solver that needs not to be trusted. Instead, the LP solver delivers
a small certificate to Isabelle/HOL that can be checked cheaply. Furthermore,
there is no need to delve into the details of the actual method of optimizing an
LP, which is usually the Simplex method. These details just do not matter for
the theorem prover.

In this paper we describe all relevant issues and notions that arise in imple-
menting the method in Isabelle/HOL. Although our point of view is necessarily
influenced by the capabilities and restrictions of Isabelle/HOL, we think that
the results are of independent interest, and we try to present them that way.

We first describe the basic idea of the method. Then we define the notion of
finite matrices and explain why these are our representation of choice for linear
programs. Finite matrices can be fitted into the system of numeric axiomatic type
classes in Isabelle/HOL via the algebraic concept of lattice-ordered rings, and we
take a short look at the changes of the hierarchy of type classes in Isabelle/HOL
that were necessary for this. Checking the certificate from the external LP solver
is basically a calculation involving finite matrices, and the matrices we have to
deal with coming from our Flyspeck background are sparse, therefore we present
a sparse matrix representation of finite matrices and formalize operations like
sparse matrix multiplication.

2 The Basic Idea

There are quite a lot of different ways to state a linear programming problem [5,
sect. 7.4], which are all general in the sense that every linear programming
problem can be stated that way. Here is one such way: a linear program consists
of a matrix A € R™*", a row vector ¢ € IR'*" and a column vector b € R™*!.
The goal is to maximize the objective function

x+—cx, x feasible, (1)

where x is called feasible iff © € R™! and Az < b holds. Note that we are

dealing with matrix inequality here: X <Y for two matrices X and Y iff every

matrix element of X is less than or equal to the corresponding element of Y.
Usually, the above stated goal really encompasses several goals / questions:

1. Find out if there exists any feasible x at all (otherwise the LP is called
infeasible).

2. Find out if there is a feasible xy,ax such that cxy.x > cx for any feasible x,
and calculate this z.x.

3. Calculate M = sup {cz |« is feasible}.

Note that M = —oo iff the answer to the first question is no. And M = oo iff the
answer to the first question is yes and the answer to the second question is no. If
M < oo then the LP is called bounded. Linear programming software is good at
answering all those questions and at exhibiting (approximately) such an @y if
it exists. Our goal is more modest in some ways, but more demanding in others:



assuming a priori bounds for the feasible region, that is assuming | < x < u
for all feasible x with a priori known bounds | and u, actually prove within
Isabelle/HOL that M < K, where we can choose K arbitrarily close to M. In
particular, we do not want to calculate xpax, but just want to approximate M
as precise as we wish for. Furthermore, we can assume M # oo because of

M < Z|cli| max {|li1] , |ui1]} < oo . (2)

i=1

It might seem that our goal can be accomplished trivially by setting K to the
above sum. But of course this is not the case, as K is probably not a particularly
good approximation for M, and there is nothing in the above inequality telling
us how to get a better approximation in case we need one.

2.1 Reducing the case M = —oo to the case —oco < M < oo

The case of an infeasible LP can be reduced to the case of a feasible LP [1]. We
will give a more detailed description here than the one found in [1].
Remember that we are only considering LPs for which we know [ and u s.t.

Az <b=l<zx<u. (3)

In this subsection we additionally require A to fulfill the inequality

Az < 0=z =0. (4)
This can easily be arranged by replacing A and b by A and b where
. A ~ b
A= 1I, and b= | u ]| . (5)
—I, -1

I, € R™*™ denotes the identity matrix.
Now let us assume that for the given LP both (3) and (4) hold. We can
construct for any K € IR a modified LP with objective function

= <gtc> —cx+ Kt, o feasible, (6)
where 2/ € R" ! is called feasible with respect to the modified LP iff
Az +tb<b and 0<t<1. (7)
Lemma 1.
(f) is feasible <= z = 0 , (8)
0<t<1l= <(atc) is feasible <= x/(1 —1t) is feasible) . (9)

On the left hand side of above equivalences we talk about feasibility with respect
to the modified LP, on the right hand side about feasibility with respect to the
original LP.



Proof. To show (8) in the direction from left to right one needs the fact that
A fulfills (4). The rest ist obvious by just expanding the respective definition of
feasibility. O

Lemma 2. Defining M’ := sup{cax+ Kt |z’ = (f) , «' feasible} yields

—00 < max{M,K} = M' < o . (10)
As a special case follows
M= -c0=—M =K. (11)

Proof. Because of (8) we have M’ > K, in particular M’ > —oco. Considering
t=0in (9) gives us M’ > M. From (9) and (3) in the case t # 1 and (8) in the
case t = 1 we obtain bounds for z’:

= <f> is feasible => I~ < (1-t)l <z < (1-t)u < ut .

Here [~ denotes the negative part of I which results from [ by replacing every
positive matrix element by 0. Similarly, the positive part u* results from u by
replacing every negative element by 0. We conclude M’ < co.

So far we have shown —oo < max{M,K} < M’ < oco. To complete the
proof, we need to show max {M, K} > M'. We will proceed by case distinction.

Assume M > K. We show that for any feasible 2’ = (f), M > cx+ Kt,

and therefore M > M’. This is obvious in the case t = 1, the feasibility of z’
accompanied by the equivalence (8) forces x to be zero. In the case t # 1, (9)
implies that x/(1 —t) is feasible with respect to the original LP. But this is just
what we claim:

M>clx/(1-t) = M >cx+tM > cx+tK .

Now assume M < K. Assume further M’ > K. Because of —oco < M’ < oo

there is a feasible 2’ = f st. M' =cx + Kt. For t = 1 we would have again

x = 0 and therefore the contradiction K < M’ = K. Finally 0 < ¢ < 1 also leads
to a contradiction:

M =cr+Kt<cx+Mt=M <cz/(1-t) <M< K<M.
Therefore the only possibility is M’ < K. O

From now on we will assume that we are dealing with feasible, bounded LPs,
that is with LPs for which we know —oo < M < oc.



2.2 The case —co < M < oo

This case is the heart of the method. Again we construct a modified LP. The
original LP is called the primal LP, the modified LP is called the dual LP. The
objective function of the dual LP

y+—1yb, vy feasible,
is to be minimized. Here y € IR**™ is called feasible iff yA = ¢ and y > 0 holds.

Lemma 3. Any feasible y induces an upper bound on M :
yb > M . (12)
Proof. For any feasible z we have
yb>y(Az)=(yA)xz=cx . (13)
O

But is there such a feasible y so that we can utilize (12)? And if there is, can
we accomplish y b = M by carefully choosing y? The well-known answer to both
questions is yes:

Lemma 4. Define M’ :=inf{yb|y A =c and y > 0}. Then
—0o < M=M < oo . (14)
Furthermore, choose a feasible y such that M’ = yb. Then
card{i e N|1<i<m andyy; > 0} < n . (15)
Proof. Corollary 7.1g and 7.1l in [5]. O

Now the basic idea of our method can be described as follows. First, form
the dual LP. Then use an external LP solver to solve the dual LP for an optimal
y. This optimal y serves as a certificate. In our application, where typically
m ~ 2000 and n = 200, y will be sparse, as inequality (15) tells us. Finally, use
(12) to verify our desired upper bound M < K = yb.

This basic idea is complicated by the fact that we are dealing with real data
and numerical algorithms. The external LP solver does not return an y such
that yA = ¢ and y > 0, but rather an y such that yA ~ ¢ and y £ 0. In
order to obtain a provably upper bound on M, one has to take (3) into account.
Furthermore the input data A, b and ¢ need not to be given as exact numerical
data either, for example an element of A could equal .

The rest of the paper will discuss the implementation in Isabelle/HOL of the
method outlined here and will also deal with the mentioned complications.



3 Finite Matrices

Somebody who wants to implement the method outlined in the previous section
faces up to the problem of how to represent linear programs. This problem is
prominent outside of the realm of mechanical theorem proving, too: designers
of linear programming packages typically provide various ways of input of data
to the LP algorithms these packages provide, one can normally choose at least
between dense and sparse representations of the data. The issue is to provide a
certain convenience of dealing with the data without compromising the efficiency
of the LP algorithms by too much overhead.

Our situation is different: we need to reason within our mechanical theorem
proving environment Isabelle/HOL why our computations lead to a correct re-
sult, therefore we need a good representation of LPs for reasoning about them. Of
course we also need to compute efficiently. But we should avoid mixing up those
two issues if we can. The reasoning in the previous section has used matrices
and the properties of matrix operations like associativity of matrix multiplica-
tion extensively. Therefore representing LPs within Isabelle/HOL as matrices is
a good idea.

So how exactly does one represent matrices in higher-order logic? Obviously,
matrices should be a type, but how does one deal with the dimension of a
matrix? HOL does not have dependent types, so it seems impossible to have
a parametrized family of types where the dimension of the matrix would be
the parameter. But it is: one possibility that is pursued by John Harrison in the
2005 version of his Hol-light system is to represent the needed parameter by type
variables! He uses this representation in order to formalize multivariate calculus.
But in our case this idea cannot be used without causing serious problems later
when we turn our attention to sparse matrices.

Another possibility is to represent the dimension of a matrix by a predicate
that carves the set of all matrices of this dimension out of a certain bigger,
already existing type. This is a common technique to overcome the absence of
dependent types in HOL [10]. This approach could work like this:!

type a M = nat x nat X (nat = nat = «)

constdef
Mequiv :: (a« M x a M) set
MequiVE {((mvnaf)v(m7nvg)) ‘VJZ(J <mA©< TL) — f]Z :gjl}
(16)
typedef « matrix = UNIV // Mequiv

constdef
is-matrix :: nat = nat = « matrix = bool
is-matrix mn A = 3 f.(m,n, f) € Rep-matrix A.

! Here and in the following we deviate slightly from actual Isabelle/HOL syntax for
various reasons, the most important being formatting; the actual Isabelle/HOL user
will have no difficulty translating the given theory snippets to proper Isabelle/HOL
syntax.



In (16) « matrix is the bigger type, and is-matrix m n acts as the predicate
that carves out all matrices consisting of m rows and n columns. Here matrices
are modelled as equivalence classes [7] of triples (m,n, f) where m denotes the
number of rows, n the number of columns and f a function from indices to
matrix elements. The set of these equivalence classes is denoted by UNIV //
Mequiv. With this formalization of matrices an error element comes for free:
there is exactly one matrix Error such that

is-matrix 00 Error (17)
holds. When adding matrices A and B which fulfill

Imn . (issmatrix m n A) A (- issmatrix m n B) (18)
and when multiplying matrices A and B for which

Imnuwv. (issmatrix m n A) A (issmatrix u v B) A (n # u) (19)

holds, the matrix Error is returned to signal that the operands do not belong to
the natural domain of addition and multiplication, respectively.

Still, this approach is not entirely satisfying: in Isabelle/HOL there exists a
large number of theorems that are valid for types that form a group or a ring. The
fact that a type can be viewed as such an algebraic structure is formulated via
the concept of aziomatic type classes [6]. But o matrix in (16) with the suggested
error signaling definition of addition does not even form a group, because there
is no matrix Zero with

VA A+ Zero= A , (20)
but rather a whole family Zerom n such that
V A.is-matrixmn A — A+ (Zeromn) = A . (21)

Therefore we advocate a different approach that exploits the fact that the ma-
trix elements commonly used in mathematics [11] themselves carry an algebraic
structure, that of a ring, which always contains a zero. We define o matrix to
be the type formed by all infinite matrices that have only finitely many non-zero
elements of type «:

type a infmatrix = nat = nat = «
(22)
typedef « matrix = {f :: (« :: zero)infmatrix | finite {(j,7) | fji # 0}} .

Hence we choose the name finite matrices for objects of type a matrix. Note the
restriction « :: zero in (22). This means that the elements of a matrix cannot
have just any type but only a type that is an instance of the axiomatic type class
zero and has thus an element denoted by 0. Of course this is not a real restriction
on the type; any type can be declared to be an instance of the axiomatic type
class zero.



3.1 Dimension of a Finite Matrix

The dimension of a finite matrix deviates from the notion of dimension that one
is used to. Because we did not encode the number of rows and columns explicitly
in the representation of a finite matrix as we did in (16), we have to recover the
dimension of a finite matrix by extensionality:

constdefs

nrows :: « matrix = nat

nrows A = LEASTm.Vji.m < j — (Rep-matrix Aji = 0)

ncols :: & matrix = nat (23)

ncols A = LEASTn.Vji.n <i— (Rep-matrix Aji = 0)

is-matrix :: nat = nat = « matrix = bool

is-matrix m n A = nrows A < m AncolsA<n .

The expression LEAST x. Pz equals the least x such that P x holds. The defi-
nition of the type o matrix has introduced two automatically defined functions
Rep-matrix and Abs-matrix

consts

Rep-matrix :: o matrix = o infmatrix (24)

Abs-matrix :: « infmatrix = « matrix
that convert between finite matrices and infinite matrices. They enjoy the fol-
lowing crucial properties:

(A= B) = (Vji. Rep-matrix Aji = Rep-matrix Bji) , (25)

3, f. A= Abs-matrix f , (26)

Abs-matrix (Rep-matrix A) = A | (27)

finite {(j,4) | Rep-matrix Aji # 0} , (28)

finite {(4,4) | f ji # 0} = Rep-matrix (Abs-matrix f) = f . (29)
Thus Rep-matrix A j i denotes the matrix element of A in row j and column i.
Note that the first row is row 0, likewise for columns.

Let us return to the definitions in (23). The definition of is-matrix implies
that a matrix has not exactly one dimension, but infinitely many! Therefore
there is no need for signaling an error due to incompatibility of dimensions: for
any two matrices A and B one shows

Im. issmatrixmm A A is-matrixmm B . (30)

The intuition behind (30) is that every matrix can be viewed as a square matrix
of dimension m as long as m is large enough: one just needs to fill up the missing
rows and columns with zeros.

The need for an Error matrix has vanished, but one can still use (17) to
uniquely define a matrix. This time, we denote that matrix by O:

VA. (A =0)= (is-matrix00 A) . (31)
Another possibility of defining 0 is given by the following theorem:
VA.(A=0)=(Vmn.is-matrixmn A) . (32)

We will see that 0 is actually the proper name for this matrix.



3.2 Lifting Unary Operators
In this subsection we look at how to define an unary operator U on matrices,
U :: a matrix = 3 matrix , (33)

by lifting an unary operator u on matrix elements,

ua=pg. (34)
The first step is to lift u to infinite matrices:
constdef
apply-infmatrix :: (o« = () = (a infmatrix = § infmatrix) (35)

apply-infmatrix u = XA fji.u(fj1i) ,
which results in the lifting property

(apply-infmatrixu f)ji =u (f ji) . (36)

Its proof is apparent from the definition of apply-infmatrix.
Now the unary lifting operator apply-matrix can be defined by first lifting u
to infinite matrices, and then to finite matrices:

constdef
apply-matrix :: (& = ) = (« matrix = [ matrix) (37)
apply-matrix u = A A. Abs-matrix (apply-infmatrixu (Rep-matrix A)) .

What is the lifting property for apply-matrix? A first guess yields
Rep-matrix (apply-matrixu A) j i = u (Rep-matrix Aj i) . (38)

But this is false (in the sense that we cannot prove it in HOL)! To see why,
consider « = = int and u = Az.1. Then we have

171---
apply-infmatrixu (Rep-matrix A) = 11-- # Rep-matrix B (39)

for all matrices A and any matrix B. But there is a simple condition on u that
turns out to be sufficient and necessary to prove (38):

u0 = 0 = Rep-matrix (apply-matrixu A) j i = u (Rep-matrix Aj i) . (40)
This is easily provable using (37), (28), (29) and (36).

3.3 Lifting Binary Operators

Just as we have defined a unary lifting operator apply-matrix, we can define
similarly a binary lifting operator combine-matrix:

constdef
combine-infmatrix ::
(o = B = v) = (« infmatrix = [ infmatrix = v infiatrix)
combine-infmatrix v = A fgji.v(fji)(gji) ,

(41)



constdef
combine-matrix :: (« = f = v) = (« matrix = 8 matrix = 7 matrix)

; o (42)
combine-matrix v =
A A B. Abs-matrix (combine-infmatrixv (Rep-matrix A) (Rep-matrix B))
The lifting property for combine-matrix reads
v00 = 0 = Rep-matrix (combine-matrixv A B) ji = (43)

v (Rep-matrix A j i) (Rep-matrix B j i) .

Lifting binary operators passes on commutativity and associativity. Defining

constdefs
commutative :: (« = a = () = bool
commutative v=Vzxy.vry =vyx (44)

associative :: (o« = o = a) = bool
associative v=Vzyz.v(vzy)z=vz(vyz)

we can formulate this propagation concisely:

commutativev = commutative (combine-matrixv) ,
[v00 = 0; associativev] = associative (combine-matrixv) .

(45)

You might be surprised that the propagation of commutativity does not require
v00 = 0, which is due to the idiosyncrasies of the definite description operator
that is hidden in Abs-matrix.

3.4 Matrix Multiplication

We need one last lifting operation, the most interesting one: given two binary
operators addition and multiplication on the matrix elements, define the ma-
trix product induced by those two operators. As a basic tool we first define by
primitive recursion a fold operator that acts on sequences:

const foldseq :: (¢ = o = o) = (nat = «) = nat = «
primrec

foldseq f s 0 = s0 (46)
foldseq f s (Sucn) = f(s0) (foldseq f (A k. s (Suck))n)
For illustration purposes, assume s = (s, S2, 3, 84, - - - , S, 0,0,0,...). Then
foldseq f s 0 = s1 ,
foldseq f s 1 = fs182 ,
foldseq f s 2 = fs1(fs2s3) , (47)

foldseq f s 3 = fs1(fs2(fs3sa)) ,
foldseq f sm = fs1(fs2(... (fsn0)...)),
foldseq f s (n+1) = fs1(fs2(... (fsn(f00)...)) and so on.

Note that if f00 = 0 the above sequence converges:

f00=0=Vm.n <m — foldseq f sm = foldseq f sn . (48)



Now we are prepared to deal with matrix multiplication:

constdef
mult-matrix-n :: nat = (a = f=v)=> Y=>y=7v)=>
« matrix = 3 matrix = v matrix (49)
mult-matrix-n n mult add A B = Abs-matrix (Aji.
foldseq add (\ k. mult (Rep-matrix A j k) (Rep-matrix B k1)) n)

The idea of mult-matrix-nn mult add A B is to consider only the first n columns
of A and the first n rows of B when calculating the matrix product. Of course
the matrix product should be independent of n. We achieve this by setting

mult-matrix mult add = lim mult-matrix-nn mult add (50)

which is due to (48) well-defined if V. multz 0 = mult 0z = add00 = 0 holds:

constdef
mult-matrix : (a = 8=>79)=>Y=>7v=>7)=>
o matrix = [ matrix = v matrix (51)
mult-matrix mult add A B =
mult-matrix-n (max (ncols A) (nrows B)) multadd A B .

Again, we have a lifting property:

[Vz.multx0=0Amult0Oz =0; add00 =0] =
Rep-matrix (mult-matrix mult add A B') j i = foldseq add (52)
(A k. mult (Rep-matrix A j k) (Rep-matrix B k1)) (max (ncols A) (nrows B)) .

Finally, let us examine what properties of element addition and element multi-
plication induce distributivity and associativity of mult-matrix.

Distributivity We distinguish between left and right distributivity:2

constdefs
r-distributive :: (o« = 8 = ) = (8 = 8 = ) = bool
r-distributive mult add =V awv. multa (adduv) = add (mult au) (multav) (53)
I-distributive :: (¢ = 8 = a) = (@ = a = «) = bool
I-distributive mult add =V auwv. mult (adduv) a = add (mult wa) (multv a)

Distributivity of mult over add lifts to distributivity of mult-matrix mult add
over combine-matrix add if add is associative and commutative and both add
and mult behave as expected with respect to 0:

[ I-distributive mult add; associative add; commutative add;
Ve multz0=0 A multOz =0; add00 =0]
= I-distributive (mult-matrix mult add) (combine-matrix add) , (54)
[ r-distributive mult add; associative add; commutative add;
Ve multz0=0 A multOz =0; add00 =0]

= r-distributive (mult-matrix mult add) (combine-matrix add) .

2 Our convention is that left distributivity means that the factor is distributed over
the left sum, not that the left factor is the one that gets distributed.



Associativity We state the law of associativity for mult-matrix in a very gen-
eral form:

[Va.multi a0 = 0; Va. mult; 0a = 0; Va. mult a0 = 0; Va. multa 0a = 0;
add; 00 = 0; add200 = 0;
Vabcd. adds (add; ab) (addi cd) = addy (addz ac) (addz bd);
Vabc. multy (mult; ab) c = multy a (mults be);
associative add;; associative adds;
I-distributive multy add:; r-distributive mult, addz |
= mult-matrix multy adds (mult-matrix mult; addi A B) C =
mult-matrix mult, add; A (mult-matrix mult, adds B C) .

(55)

For mult = mult; = mult, and add = add; = adds this simplifies to

[Va.multa0=0; Va. mult0a = 0; add00 = 0;
associative add; commutative add; associative mult;
I-distributive mult add; r-distributive mult add |

= associative (mult-matrix mult add) .

(56)

3.5 Lattice-Ordered Rings

Paulson describes in [6] how numerical theories like the theory of integers or the
theory of reals can be organized in Isabelle/HOL using axiomatic type classes.
For example both integers and reals form a ring, therefore Paulson recommends
to prove theorems that are implied purely by ring properties only once, and then
to prove that both types int and the type real are an instance of the axiomatic
type class ring.

Birkhoff points out [12, chapt. 17] that for a fixed n the ring of all n x n
square matrices forms a latticed-ordered ring in a natural way. The same is true
for our finite matrices! Therefore it suggests itself to establish an axiomatic type
class lordered-ring that captures the property of a type to form a lattice-ordered
ring. Of course lordered-ring should be integrated with the other type classes like
ring and ordered-ring of Isabelle/HOL to maximize theorem reuse. Two major
changes along with minor modifications were necessary to the original hierarchy
of type classes as described in [6]:

1. The original type class ring demanded both the existence of a multiplicative
unit element and the commutativity of multiplication. But our finite matrices
do not have such a multiplicative unit element, nor is multiplication of finite
matrices a commutative operator. Nevertheless, finite matrices still form a
ring in common mathematical terminology. Therefore the original type class
ring was renamed to become comm-ring-1 and new type classes ring, ring-1
and comm-ring were introduced, suitable for rings that do not necessarily
possess a 1 and/or are not commutative.

2. All ordered algebraic structures contained in the original hierarchy were lin-
early ordered. The natural (elementwise) order for finite matrices is a proper
partial order, actually a lattice order. Therefore we enriched the hierarchy
with type classes that model partially ordered algebraic systems like par-
tially ordered groups and rings, or lattice-ordered groups and rings. For this
we follow largely [13], [12].



We do not want to delve into the details of the modified hierarchy, but refer the
curious reader to the 2005 release of Isabelle where all these changes have been
incorporated. Instead, let us directly turn to lattice-ordered rings. A type « is
an instance of the axiomatic type class lordered-ring iff

ring « is a ring with addition +, subtraction —, additive inverse —,
multiplication *, zero 0,
lattice « is a lattice with partial order < and operators join and meet,
monotonicity addition and multiplication are monotone:
a<b—ct+a<c+b, (57)
a<bAN0O<c—axc<bxcAcxa<cx*b. (58)

Both int and real are instances of lordered-ring:

instance int :: lordered-ring

instance real :: lordered-ring . (59)
Our goal is to prove
instance matrix :: (lordered-ring) lordered-ring . (60)

The above meta theorem has the following meaning (which is not legal Isabelle
syntax):

(instance « :: lordered-ring) = (instance a matrix :: lordered-ring) . (61)

Of course, in order to prove (60), one first has to define 0, 4, * etc. for objects
of type matrix. The zero matrix is easy to define:

instance matrix :: (zero) zero
def (overloaded) (62)
0 = Abs-matrix (A j:.0) .

It is simple to show that this is actually the 0 we refer to in (31) and (32).
Addition +, multiplication *, subtraction —, unary minus —, can all be de-
fined using the lifting machinery we have developed:

instance matrix :: (plus) plus
instance matrix :: (minus) minus
instance matrix :: ({plus, times}) times
defs (overloaded) (63)
A + B = combine-matrix (Aab.a +b) AB
A — B = combine-matrix(Aab.a —b) AB
—A = apply-matrix(Aa. —a) A
A x B = mult-matrix(Aab.a*b) (Aab.a+b) AB .

Finally, we need to be able to compare matrices:

instance matrix :: ({ord, zero}) ord
defs (overloaded) (64)
A < B=Vji.Rep-matrix Aji < Rep-matrix B j i



After having introduced the necessary syntax, we need to show that a matrix
really constitutes a lattice-ordered ring, provided « constitutes one, in order to
obtain (60). But almost the entire work has already been done: for example, in
order to prove associativity of matrix multiplication,

V(A :: (« :: lordered-ring) matrix). Ax (B C) = (A% B) xC | (65)

which is the hardest of all proof obligations, just apply (56)! The remaining
proof obligations are not difficult to prove, either, one just has to make use of
matrix extensionality (25) and the lifting properties (40), (43) and (52). It is
useful, though, first to dispose of the assumptions in these lifting properties, so
for example instead of using (43) directly one should prove and use

Rep-matrix (A + B) ji = (Rep-matrix A j i) + (Rep-matrix B j 1)

Rep-matrix (A — B) j i = (Rep-matrix A j i) — (Rep-matrix B j i) . (66)

A proof obligation that differs from the others because it is not a universal
property that needs to be shown, but an existential one, turns up when one has
to show that join and meet do exist:

Jj.Vabr.a<jabAb<jabAN(a<zAb<z—jab<zx)

Im.Vabz.mab<aAmab<bA(x<aAz<b— z<mab) (67)
But these are not difficult to exhibit! Just choose
Jjoin = combine-matrix join, meet = combine-matrix meet . (68)

3.6 Positive Part and Negative Part

In lattice-ordered rings (actually in groups, also), both the positive part and the
negative part can be defined:

constdefs
pprt :: a@ = (« :: lordered-ring)
pprt x = joinx 0 (69)
nprt :: o = (e :: lordered-ring)
nprt x = meetx 0

We will write z+ instead of pprtz, and ™ instead of nprtx. We have:

0<zt, 27<0, z=a"+2~, z2<y =2 <y Azt <y". (70)
Positive part and negative part come in handy for calculating bounds for a
product when bounds for each of the factors of the product are known:

ar <a;a<ax; b <b;b<b]

= a*xb<af *bf +af xb; +a5 xbf +ay by (71)

In order to prove (71), decompose the factors into their parts and use distribu-
tivity. Then take advantage of the monotonicity of positive and negative part:
axb=(a"+a )" +b7)
=atxbT+atxb  +a xbT+a xb"

<aj xby +af xby +ay xbf +ay xby .



4 The Main Theorem: Proving Bounds by Duality

Now we have everything in place to represent LPs by finite matrices. In sect. 2,
we presented the basic idea of how to prove an arbitrarily precise upper bound
for the objective function (1) of a given LP. There the LP was represented by
matrices whose elements are real numbers:

ce R, AeR™", beR™', [ueR™.

Dropping the dimensions we arrive at a representation of a real linear program
by finite matrices:
¢, A,b,l,u :: real matrix .

From now on we are always talking in terms of finite matrices.

We need a further modification of our representation of LPs: our method
is based on numerical algorithms like the Simplex method, therefore we need
to represent the data numerically. We allow for this possibility by looking at
intervals of linear programs instead of only considering a single LP. Such an
interval is given by finite matrices c1, ca, A1, Aa, b, [, u. We can now state the
main theorem as it has been proven in Isabelle/HOL:

[Axz<b At <A A< Asscr < e<epl<aza<u;0<y]
= ckxx <yxb+(let s1 =c1 —y*x Az;82 =co —y* Ay (72)
insixut +sxu” Fsy xlT+s7 1) .

The proof is by standard algebraic manipulations: using A« xz < b and y > 0,
cxx < yxb+(c—yxA)xx

follows at once. Then one just has to apply (71) to the product (¢ —y * A) * z.
Note that this proof not only works for matrices, but for any lattice-ordered
ring. Therefore the main theorem is valid also for lattice-ordered rings!

This is how our method works: First, we calculate the approximate optimal
solution y of the dual LP. We know our primal LP only approximately, so we
can pass only approximate data to the external LP solver. We could pass for
example ¢y, A1, b, [, u. The LP solver will return the certificate y, which is only
approximately non-negative. Therefore we replace all negative elements of y by
0. We then plug the known numerical data y, c¢1, co, Ay, Az, b, [ and u into
(72) and simplify the resulting theorem. The simplification will rewrite 0 < y
to True and the large expression on the right hand side of the inequality to a
matrix numeral K with ncols K < 1 and nrows K < 1. The result of our method
is therefore the theorem

[Axx<b A <A A< Asy;c1<cc<cyl<xx<u]

— cxx< K . (73)

In the above theorem, free variables are set in bold face. All other identifiers
denote matrix numerals.



5 Sparse Matrices and Floats

After reading the previous section, you probably wonder what a matrix numeral
might look like. We have chosen to represent matrix numerals in such a way that
sparse matrices are encoded efficiently:

types
a spvec = (nat * o) list (74)
a spmat = (a spvec) spvec

constdefs
sparse-row-vector :: « spvec = « matrix
sparse-row-vector | = foldl (Am (i, e). m + (singleton-matrixQ0ie)) 01
sparse-row-matrix :: « spmat = o matrix
sparse-row-matrix L =
foldl (Am (j,1). m + (move-matrix (sparse-row-vectorl) j0)) 0 L

(75)

Here singleton-matrix j ¢ e denotes the matrix whose elements are all zero except
the element in row j and column 4, which equals e. Furthermore move-matrix A j i
denotes the matrix that one gets if one moves the matrix A by j rows down and
¢ columns right, and fills up the first j rows and ¢ columns with zero elements.

Real numbers are represented as binary, arbitrary precision floating point
numbers:

constdef
float :: (int * int) = real (76)
float (m,e) = (realm) x 2°

Finally, here is an example of a matrix numeral with floats as its elements:

[(1,[(1, float (7,0)), (3, float (—3, 2))]), (2, [(0, float (1, —3)), (1, float (—3, —4))])]

0

7

_3
16

sparse-row-matrix

o= O O
o o O

0
—12
0

We have formalized addition, subtraction, multiplication, comparison, positive
part and negative part directly on sparse vectors and matrices by recursion on
lists. The multiplication algorithm for sparse matrices is inspired by the one
given in [8].

These operations on sparse vectors / matrices can be proven correct with re-
spect to their finite matrices counterpart via the sparse-row-matrix morphism,
assuming certain sortedness constraints. This is actually not too hard: all stu-
dents of an introductory Isabelle/HOL class taught at Technische Universitét
Miinchen have been able to complete these proofs within four weeks as their
final assignment with varying help from their tutors. Using these correctness
results, one can then easily prove a sparse version of (72).



6

Conclusion

We have presented a novel way to prove arbitrarily precise bounds within higher-
order logic for real linear programs that have a priori bounds. Our approach has
three main virtues:

1.

It is fast. The actual work is done by an external LP solver, the theorem
prover has only to check a small certificate. Using a rewriting oracle that is
based on the ideas found in [9], this check can be performed so quickly that
it is projected that the linear programs arising in the proof of the Kepler
conjecture can be bounded in about 10 days on a 3Ghz Pentium 4. The
original computer programs from the 1998 proof of the Kepler conjecture
that do not generate proofs at all needed back then about 7 days.

It decouples reasoning from computing issues. The new notion of finite ma-
trices has been introduced, and it turned out that finite matrices and lattice-
ordered rings are a natural choice to describe and reason about our method.
At the same time, well-known data structures like sparse matrices can still
be used for efficient computing.

It is independent from the actual method of solving LPs. This method could
be Simplex, but does not have to be.
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