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Task for Today

Assuming that a and b are distinct variables, is
it possible to find A-terms M, to M, that
make the following pairs a-equivalent?

B )\a.\b.(M;b) and Ab.\a.(a M;)

B \a.\b.(M3b) and Ab.Aa.(a M3)

B M\a.Ab.(bM,) and Ab.A\a.(a Mj)

B \a.\b.(bMg) and Aa.Aa.(a M)

If there is one solution for a pair, can you de-
scribe all its solutions?
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Typing Rules

(x:7) €T validT
I'Fx: T

I'HFti:o— 717 I'Hty: o

P"tltth

x# T (rx:o)uTHt:T
I'FAxt:0 —> 71
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First-Order Unification
B Terms.

variables: X
function symbols:  F'(ty,...,t,)

B Substitutions:
(X1 :=t1,..., X, :=t,]
B Unification problems:
{t: =? u1,...,t, =7 u,}
B Solutions: is a substitution o such that
o(ty) =o(uy)...o(t,) = o(u,)
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Examples
BF(X)=? F(Y)

BF(X)=?G(Y)

B F(G(X)) =7 F(Y)

B H(G(X),X) ~? H(Y, t)

BX =? F(X)
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Unification Algorithm

Bf(t,...,t,) =7 f(sl, .y Sp) UP
:>t1%?81U Ny ?SnUP
BX =<?7tUP

25 pix = ¢ (X := ] part
of the answer

B if o isananswer for a problem P, then o
is the most general solution
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MGU

B o is a most general unifier for a problem
P if, for every other solution o’ for P,
there exists a substitution 0 such that

doo =o'
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Recapa-Equivalence

1 =~ 81 1o X So _
~-atm ~
a =< a t1ts = 81 89

-app

~ s t ~ (ab)es a # s

~-lam, ~-lams
a.t =~ \a.s

Aa.t =~ \b.s

a#t1 a#tz#

a# b M a#tity,
a # t
-lamy -lamo
a # xa.t " a # bt "

assuming a % b
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Terms

e Units
W (t,t’) Pairs

B Ft Funct.
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Terms

e Units B a Atoms

W (t,t') Pairs B a.t Abstractions

BFt Funct. \

‘generic binder:

‘bindable names "Xa.a' — fn a.a
(of object-level ' '

variables etc.) ||constructions like
) “|fn X.X are not

allowed y
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Terms

| Units B a Atoms
W (t,t') Pairs B a.t Abstractions

W EFt Funct. B 7- X Suspensions
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Terms

| Units B a Atoms

W (t,t') Pairs B a.t Abstractions
W EFt Funct. B 7- X Suspensions
- R

7 is an explicit permutation,
which is a list of swappings
(a1 bl) S (an bn), wai’ring
to be applied to the term

that is substituted for X

‘X is a variable
standing for an

.unknown term

J
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Permutations

a permutation applied to a term:

2 Jea £ a
C If mea = b
b If mea = c

mwea otherwise

B (bc)::mea def
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Permutations

a permutation applied to a term:

2 Jea £ a
C If mea = b
b If mea = c

mwea otherwise

B (bc)::mea def

d
] mwea.l éf TTe@.TTel
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Permutations

a permutation applied to a term:

a Jea
B (bc)::mea
_ mwea.t
] werm - X

def
= a
C if Tea = b
def .
. b if mea = c
mea otherwise
def
= Tea.Tel

def (r@n’). X
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Permutations

a permutation applied to a term:

def
1 [lea = a
C if Tea = b
def :

B (bo)::mea = b ifmea=c
def Tea OThernvérse
lel permutation

] mwea.t d—f Tea.Tel given by

e . 7y, reversing

B wer X = (m@m) Xy st of

Permutations on atoms are bijections! \SWappP!ngs

~

J

mea =b iff a = (ﬂ'_\lW
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Freshness Relation

We will identify
fna.X =~ fnb.(ab)-X

provided that 'b is fresh for X — (b # X)),
i.e., does not occur freely in any ground term

that might be substituted for X.
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Freshness Relation

We will identify
fna.X = fnb.(ab)-X

provided that 'b is frech £an Y o TE A\
I.e., does not occur explicit permutation —

that might be subs: waits to be applied to the
term that is substituted

for X )
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Freshness Relation

We will identify
fna.X =~ fnb.(ab)-X

provided that 'b is fresh for X — (b # X)),

i.e., does not occur freely in any ground term
that might be substituted for X.

If we know more about X, e.g., if we knew that
a # X and b # X, then we can replace
(ab)-X by X.
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Freshness Assumptions

Our equality is not just

t ~t  «-equivalence
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Freshness Assumptions

but judgements

VEtxt «-equivalence

where

V ={a: # X1,...,a, # Xy}

is a finite set of freshness assumptions.
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Freshness Assumptions

but judgements

VEtxt «-equivalence

where

V ={a: # X1,...,a, # Xy}
is a finite set of freshness assumptions.
{a # X, b # X} F fna.X = fnb.X
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Freshness Assumptions

but judgements

Vv

V
where

—-t~1t  «-equivalence

—a # t freshness

V ={a: # X1,...,a, # Xy}
is a finite set of freshness assumptions.

{b# X} F b# a.X

{} F a# a.X
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Rules for Equivalence

Excerpt
(i.e. only the interesting rules)
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Rules for Equivalence

VEtxt
VIFEat=a.t

aZb VEtx(ab)et! ViEka#lt

V Fa.t=b>b.t
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Rules for Equivalence

(a # X) eV
for all a with wea # w'ea

VFEFrnXx~n'X




Rules for Equivalence

(a # X) €V
for all a with wea # w'ea

VFEFrnXx~n'X

for example

{a #X,b#X}F X =~ (ab)-X



Rules for Equivalence

(a # X) €V
for all a with wea # w'ea
VErX=~xxnX
for example

{a #X,c# X} F (ac)(abdb)- X = (bec)- X

because (ac)(ab): a—b (bc): a— a
b— c b— c

c— a c— b
disagree at a and c.
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Rules for Freshness

Excerpt
(again only the interesting rules)
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Rules for Freshness

a+£b
VEa#b

a#xzb VikEa#lt

VIFEa# a.t V - a # b.t

(m lea # X) €V
VEa# 7m-X




~ IS an Equivalence

Theorem: = is an equivalence relation.

(Reflexivity) V EHt=t
(SymmeTr‘y) if V - t1 = to then V to =~ t;

(Transitivity) if VEt; =ty and V 3 = t3
thenV - t; = i3
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~ IS an Equivalence

Theorem: = is an equivalence relation.

because = has very good properties:

mv
mnv

—t~t' then V

—a # t then V

— et =~ et/

— Tea 7 el
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~ IS an Equivalence

Theorem: = is an equivalence relation.

because = has very good properties:

mv
mnv
nv

—t~t thenV
—a # t then V

— el =~ et/

— Tea 7 el

—t =~ mwet' then V F (n71)et = t/
MV Ea#mwetthenVE (m1)ea # ¢
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~ IS an Equivalence

Theorem: = is an equivalence relation.

because = has very good properties:

mv
mnv
nv

—t~t thenV
—a # t then V

— el =~ et/

— Tea 7 el

—t =~ mwet' then V F (n71)et = t/
MV Ea#mwetthenVE (m1)ea # ¢
BViEa#tand V Ft =t then

VEa#t
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Substitutions

B o(a.t) £ a.o(t)

dﬁf T e J(X) IfO'(X) # X
Bo(rX) = {ﬂ-.X o'wise do nothing



Substitutions

B o(a.t) £ a.o(t)

dif T e J(X) IfO'(X) # X
Bo(rX) = {ﬂ-.X o'wise do nothing

for example
a.(ab)- X [X :=(b,Y)]



Substitutions

B o(a.t) £ a.o(t)

e weo(X) ifo(X X
mo(rX)¥ {ﬂ-.X ) o'Wis(e dZ) Z\i‘rhing
for example
a.(ab)-X [ X :=(b,Y)]
= a.(ab)-X[X := (b,Y)]




Substitutions

B o(a.t) £ a.o(t)

dif T e O'(X) IfO'(X) 7é X
Bo(rX) = {ﬂ-.X o'wise do nothing

for example
a.(ab)-X [ X :=(b,Y)]
= a.(ab)- XX :=(b,Y)]
= a.(ab)e(b,Y)




Substitutions

B o(a.t) £ a.o(t)

dif T e O'(X) IfO'(X) 7é X
Bo(rX) = {ﬂ-.X o'wise do nothing

for example
a.(ab)- X [X :=(b,Y)]
= a.(ab)-X[X := (b,Y)]
= a.(ab)e(b,Y)
= a.{a,(ab)Y)




Substitutions

B o(at) ¥ ao()

dif T e O'(X) IfO'(X) # X
Bo(rX) = {ﬂ-.X o'wise do nothing

B fVHEt=tand V' o(V)
then V' o (t) = o(t')
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Substitutions

B o(at) ¥ ao()

dif T e O'(X) IfO'(X) 7é X
Bo(rX) = {ﬂ-.X o'wise do nothing

mifVEtxtadV' +o(V))

then V' F o(t) = o(t')\

‘this means
V'Fa# o(X)
holds for all
(ea#X)eV

Semantics, 9th July 2008 - p.16 (7/9)

\




Substitutions

B o(at) ¥ ao()

dif T e O'(X) IfO'(X) # X
Bo(rX) = {ﬂ-.X o'wise do nothing

B fVHEt=tand V' o(V)
then V' o (t) = o(t')
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Substitutions

B o(at) ¥ ao()

dif T e O'(X) IfO'(X) 7é X
Bo(rX) = {ﬂ-.X o'wise do nothing
mifVHEtxtad V' o(V)

then V' o (t) = o(t')
. 0'(7Tot) p— 7T00'(t)

Semantics, 9th July 2008 - p.16 (9/9)



Equational Problems

An equational problem
~7t
IS solved by

B a substitution o (terms for variables)
B and a set of freshness assumptions V

so that V F o(t) = o(t)).
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Unifying equations may entail solving freshness
problems.

E.g. assuming that a # a’, then

at ~?7a .t

can only be solved if
t =7 (aa’)et’ and a #7t

can be solved.
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Freshness Problems

A freshness problem

a #7t
IS solved by

B a substitution o
B and a set of freshness assumptions V

so that V - a # o(t).
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Most General Unifiers

Definition: for a unification problem P, a
solution (o1, V1) is more general than another
solution (o2, V), iff there exists a
substitution 0 with

W V:E4(Vy)
_ V2|_02%500'1
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Most General Unifiers

Definition: for a unification problem P, a
solution (o1, V1) is more general than another
solution (o2, V), iff there exists a
substitution 0 with , .
Vz F a # 5(X)

I\Z2z 5(V1D/\?2"ié g)(r)alel v,

_ V2|_02%500'1

J
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Most General Unifiers

Definition: for a unification problem P, a
solution (o1, V1) is more general than another

solution (o2, V), iff there exists a
substitution 5V[V2 - 0'2(X) ~ 5(0'1(X))

holds for all
BV, éWVXE dom(oz) Udom(d ooy)
.(Vz = O 500'1><—J

~\
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Existence of MGUS

Theorem: there is an algorithm which, given a
nominal unification problem P, decides
whether or not it has a solution (o, V), and
returns a most general one if it does.
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Existence of MGUS

Theorem: there is an algorithm which, given a
nominal unification problem P, decides
whether or not it has a solution (o, V), and
returns a most general one if it does.

_
( N
straightforward definition:
"iff there exists a 0 such that ..."
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Existence of MGUS

Theorem: there is an algorithm which, given a
nominal unification problem P, decides
whether or not it has a solution (o, V), and
returns a most general one if it does.

Proof: one can reduce all the equations to
'solved form' first (creating a substitution), and
then solve the freshness problems (easy).
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Reductions

A set of (t =7 t') and (a #7 t) problems can
be reduced by
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Reductions

B{at~?bt'}wP = if a #b
{t =? (ab)et',a #?7t'} UP
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Reductions

B{at~?bt'}uP == ifa #b
{t ~? (ab)et',a #7 '} U P

B{ct~?at’'tYw P ={t=?7t'}UP

Semantics, 9th July 2008 - p.23 (2/8)



Reductions

B{at~?bt'}wP = if a #b
{t =? (ab)et',a #?7t'} UP

B{ct~?at’'tYw P ={t=?7t'}UP

B{reX~?ne X} P =
{a #? X|a € ds(w, 7" )} U P

Semantics, 9th July 2008 - p.23 (3/8)



Reductions

B{at~?bt'}wP = if a #b
{t =? (ab)et',a #?7t'} UP

B{ct~?at’'tYw P ={t=?7t'}UP

B{reX~?ne X} P =
{a #? X|a € ds(w, 7" )} U P

B{reX =7t} P==oP
if X does not occurint
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Reductions

B{at~?bt'}wP = if a #b
{t =? (ab)et',a #?7t'} UP

B{ct~?at’'tYw P ={t=?7t'}UP
.{W‘XN?W‘XU—[X = L et] JJ

{a #FX#Q ds(m, )

B{reX ~?t} Y P= oP
if X does not occurint
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Reductions

B{at~?bt'}wP = if a #b
{t =? (ab)et',a #?7t'} UP

B{ct~?at’'tYw P ={t=?7t'}UP

B{reX~?ne X} P =
{a #? X|a € ds(w, 7" )} U P

B{reX =7t} P==oP
if X does not occurint

B{a#? bty P={a#7t}UP ifa#b
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Reductions

B{at~?bt'}wP = if a #b
{t =? (ab)et',a #?7t'} UP

B{ct~?at’'tYw P ={t=?7t'}UP

B{reX~?ne X} P =
{a #? X|a € ds(w, 7" )} U P

B{reX =7t} P==oP
if X does not occurint

B{a#? bty P={a#7t}UP ifa#b
B{a#?meX}w P=5P
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Reductions

Bi{ct=?bt'}y P = ifa #b
{t =? (ab)et',a #?7t'} UP

B{ct~?at’'tYw P ={t=?7t'}UP

B{reX~?ne X} P =
{a #? X|a € ds(w, 7" )} U P

B{reX =7t}

B{a#?meX}w P=5P
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Reductions

A set of (t =7 t') and (a #7 t) problems can
be reduced by
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Reductions

A set of (t =7 t') and (a #7 t) problems can
be reduced by

o

A\
— or —

If there is a reduction

P2, I pr s

then
(6pn0...001, Vi U...UV,,)

is a most general unifier for P.
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Remember the Task?

Assuming that a and b are distinct variables,
is it possible to find A-terms M to My that
make the following pairs a-equivalent?

B \a.\b.(M;b) and Ab.\a.(a M,)
B \a.\b.(M3b) and Ab.Aa.(a My)
B M\a.Ab.(bM,) and Ab.Aa.(a Mj)
B \a.\b.(b Mg) and Aa.Aa.(a M)

If there is one solution for a pair, can you
describe all its solutions?
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Answers

Aa.Ab.(M; b) and Ab.\a.(a M)
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Answers

a.b.<M1, b> ~7 b.a.(a, M1>
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Answers

a.b.<M1, b> ~7 b.a.(a, M1>
—= b.(My,b) =? (ab)ea.(a, M) , a #? a.{a, M;)
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Answers

a.b.<M1, b> ~7 b.a.(a, M1>
== b.(M;,b) =~? b.(b, (ab)-M;) , a #? a.{a, M;)
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Answers

a.b.(M,,b) =? b.a.(a, M)
== b.(M,b) =? b.(b, (ab)-M;) , a #? a.(a, M;)
— (M,b) =? (b, (ab)-M:) , a #? a.{a, M)
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Answers

a.b.(M,,b) =? b.a.(a, M)
== b.(M;,b) =~? b.(b, (ab)-M;) , a #? a.{a, M;)
— (M,b) =? (b, (ab)-M:) , a #? a.{a, M)
— M; =?b, b ~? (ab)-M; , a #? a.(a, M)
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Answers

a.b.(M,,b) =? b.a.(a, M)
== b.(M;,b) =~? b.(b, (ab)-M;) , a #? a.{a, M;)
— (M,b) =? (b, (ab)-M:) , a #? a.{a, M)
— M; =?b, b ~? (ab)-M; , a #? a.(a, M)
" 7 (ab)eb, a #? a.(a,b)
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Answers

a.b.(M,,b) =? b.a.(a, M)
== b.(M;,b) =~? b.(b, (ab)-M;) , a #? a.{a, M;)
— (M,b) =? (b, (ab)-M:) , a #? a.{a, M)
— M; =?b, b ~? (ab)-M; , a #? a.(a, M)

Mt ) ~? a, a #7 a.(a, b)
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Answers

a.b.(M,,b) =? b.a.(a, M)
== b.(M;,b) =~? b.(b, (ab)-M;) , a #? a.{a, M;)
— (M,b) =? (b, (ab)-M:) , a #? a.{a, M)
— M; =?b, b ~? (ab)-M; , a #? a.(a, M)

Mt ) ~? a, a #7 a.(a, b)

—> FAIL
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Answers

a.b.(M,,b) =? b.a.(a, M)
== b.(M;,b) =~? b.(b, (ab)-M;) , a #? a.{a, M;)
— (M,b) =? (b, (ab)-M:) , a #? a.{a, M)
— M; =?b, b ~? (ab)-M; , a #? a.(a, M)

" 7 a, a #7 a.(a, b)

—> FAIL

[)\a.)\b.(Ml b) =, Ab.Aa.(a M) has no solu’rion]
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Answers

Aa.Ab.(b Mg) and Aa.\a.(a My)
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Answers

a.b.(b, Mg) =7 a.a.{a, My)
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Answers
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Answers

a.b.(b, Mg) =7 a.a.{a, My)
== b.(b, M) =? a.(a, M)
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=5 b=x?b, Mg=~? (ba)-M;, b#? (a, My)
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Answers
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== b.(b, M) =? a.(a, M)
== (b, M) =? (b, (ba)-My) , b #? (a, M)
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Answers

a.b.(b, Mg) =7 a.a.{a, My)
== b.(b, M) =? a.(a, M)
== (b, M) =? (b, (ba)-My) , b #? (a, M)
=5 b=x?b, Mg=~? (ba)-M;, b#? (a, My)
—= Mg =? (ba)-M, , b #7? (a, M)

Meg:=(ba)-M
LS b %7 (a, Mr)
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Answers

a.b.(b, Mg) =7 a.a.{a, My)
== b.(b, M) =? a.(a, M)
== (b, M) =7 (b, (ba)-My) , b #7? {(a, M)
= bx?b, Mg =? (ba)-My;, b #? (a, My)
== Mg =? (ba)-M, , b #7? (a, M)
MeSCOM 49 (a, My)
= b #?a, b#? My
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Answers

a.b.(b, Mg) =7 a.a.{a, My)

== b.(b, M) =? a.(a, M)

== (b, M) =7 (b, (ba)-My) , b #7? {(a, M)

=> b=x?b, Mg ~? (ba)-My;, b #? (a, My)

== Mg =? (ba)-My , b #? {(a, M)
MeSCOM 49 (a, My)

Zsb#?a, b#? M,

== b #7 M;
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Answers

a.b.(b, Mg) =7 a.a.{a, My)

== b.(b, M) =? a.(a, M)

== (b, M) =? (b, (ba)-My) , b #? (a, M)

=> b=x?b, Mg ~? (ba)-My;, b #? (a, My)

== Mg =? (ba)-My; , b #? {(a, M)
MeSCaMly 42 (a, My)

Zsb#?a, b#? M,

25 b #7 M,
oM}
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Answers

a.b.(b, Mg) =7 a.a.{a, My)

:€> b.(b, M6> ~7 a.(a, M7>
. _(AaXb.(b M) =, Aada.(a M;)

we can take M, to be any A-term that

— b~7b » IV does not contain free occurrences of b,
e so long as we take Mg to be the result

of swapping all occurrences of b and a
[Meg(b a)Mr] #\Ih‘rolughc-),u‘r M- p

Zsb#?a, b #? M,

2 b #7? M;

bt M
{b# 7}@
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